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I. Proposition 20 of Euclid’s Optics: the Main lIdea of al-
Khazin’s Method

The first Arabic translation of Optics was done during the reign of the Abbasid
Caliph al-Ma’miin (813-833 A.D.) (Kheirandish, 1998, p. xx).! The core idea of

Euclidean optics is the equality of the angles of incidence and reflection. Among
the other topics, Euclid formalized the geometric principles underlying what we
call the Mirror Method. He demonstrated how “mirror” could be used to
determine the height or distance of an object.

In Proposition 20, Euclid explains how to determine an object’s height by
placing a mirror between the observer and the object. This setup allows the mirror
to reflect the visual beam emitted from the surveyor's eye to the top of the object
(Kheirandish, 1998, pp. 58-61):

A

B H T
Fig. 1. Proposition 20 of Euclid’s Optics.

Let the object be AB, and the observer’s eye be at point G. Place a mirror H on
the ground so it is aligned straight toward the base of the object at B (Fig. 1).
Draw a visual ray from the eye G toward the mirror, hitting it. Let the reflected
ray bounce until it reaches the top of the object at A. From point T, draw a straight
line along BH, called HT. From G, draw a line perpendicular to HT, called GT.

Because the visual ray GH strikes the mirror at H and reflects toward A, the angle

of incidence equals the angle of reflection. Therefore, ZGHT = £AHB, and since

1. The earliest known manuscript of the Arabic translation of Optics dates back to 1203
(Kheirandish, 1998, p. xxvi).
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2ABH = 2GTH, the remaining angle 2HGT equals £HAB. According to the

Thales theorem, we have:
__ BHXGT

AB = XE (1)

I1. Al-Khazini: On Marvelous Instruments

Abi al-Fath ‘Abd al-Rahman Manstir al-Khazint (active between 1115 and 1130)
was among the most renowned astronomers of the 12th century. Originally a
Greek slave who later embraced Islam, he served at the court of Sultan Sanjar
(who ruled from 1118 to 1157). His major work, Mizan al-Hikma (The Balance
of Wisdom), is a comprehensive manual detailing practical techniques for
determining the specific weight of metals and gems. The Greek translation of his
astronomical tables, Zij al-Mu ‘tabar al-Sanjart, played an important role in the
Byzantine revival of astronomy (Abattouy, 1997, pp. 480-481).

His short treatise On Marvelous Instruments (fi Alat al- ‘Ajiba), describes
several astronomical instruments. He explains the instruments of his time and
how they could also be applied to land surveying (Kiani Movahed, 2019, p. 189).
He detailed how to utilize these instruments and their reading for determining the
distance to a specific location or the height of a minaret, tree, hill, etc. Although
he does not explicitly cite Euclid, the fifth book of his treatise suggests that he
was familiar with the Euclidean optical tradition, possibly through indirect
transmission rather than a direct Arabic translation.

I1.1. Structure of On Marvelous Instruments

On Marvelous Instruments has a brief preface, seven main books (magalah),
and an appendix. The Books 1-4 describe astronomical devices, how to build
them and how to use them. These instruments are Triquetrum, Dipotra, Triangle
Instrument, and Quadrant. The Books 5-7 cover techniques for finding distances
and heights, mainly for architecture and surveying by Mirror, Astrolabe, and
Simple Tools. Each book includes three parts (gism): construction of the
instrument, its application, and geometric proof of the methods. These parts are
subdivided into chapters (bab) and sometimes into smaller sections (fas/). After
finishing the seventh book, Khazini adds an appendix with methods for
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estimating the distance and size of enemy forces and other military uses by Stick
Method (Kiani Movahed, 2019, pp. 190-191).

I11. Al-Khazin1’s Rangefinding Method by Mirror
In his fifth book!, al-Khazini outlines three problems related to determining an

object’s distance or height using Mirror Method (Al-Khazini, pp. 20-22):

P1: Determining the height of an object using a single mirror (Single-Mirror
Method).

P2: Determining the distance to an object when its height is known (Single-
Mirror Method).

P3: Simultaneously determining both the height and distance of an object using
two mirrors (Double-Mirror Method).

111.1. Al-Khazin®’s Single-Mirror Method for Altimetry

P1 corresponds to Euclid’s the proposition 20 of Optics. Rather than repeating
Euclid’s construction, al-Khazini restates the procedure in a more practical

language? (Al-Khazini, pp. 20-21):

Part 1. On How to Use the Reflection

To do this, we place a flat mirror or a vessel filled with water on the ground. Then,
we move away from it in the opposite direction of the object being observed, such
as a minaret, wall, or mountain apex, until we reach a position where the top of
the minaret or wall is visible in the mirror. Once we reach this point, we measure
the distance between our standpoint and the mirror, and we call this measured
distance the “absolute distance.” This is what we intended to describe (Fig. 2).

Part Il. On Deriving [Terrestrial] Distances

Chapter 1.

Section I. When the Height of the Object is Unknown, and the Distance
Between the Mirror and the Object is Known

To determine this, we multiply the known distance by the surveyor’s height from
the eye to the ground and divide the result by the absolute distance. This yields
the height of the minaret, wall, or mountain.

1. The original Arabic text of “fifth book™ is introduced as appendix (Text 1-5) in this article.
2. Arabic text in Appendix: Text 1
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Al-Khazini introduces the proof in the last part of the fifth book' (Al-Khazini, p.

21):
Part I11. Proofs of Chapter | of this Book
Chapter I. Proofs of Section I and Section 11 of Chapter I?

Let AB be a minaret perpendicular to the ground, and let E be the mirror’s center
(Fig. 2). We move away from it along the line EB until we reach a position where
the top of the minaret A is visible at the center of the mirror E. The standpoint is
the point D. The surveyor is at point G, and GD is the surveyor's height from the
ground to the eye. Since the angles AEB and GED are equal, the triangles AEB
and GED are similar. Therefore, the ratio of AB (the height of the minaret) to BE
(the distance from the mirror to the foot of the minaret) is equal to the ratio of GD
(the surveyor's height) to DE (the distance between the surveyor and the mirror,
which we called the absolute distance). [As a result, either AB or BE, if unknown,
can obtained from proportion.]

A
G

B E D

Fig. 2. Single-Mirror Method for Altimetry and Planimetry.

By using modern notions:
A ABE ~A DGE (2)

AB DG

il ©)

AB — BE.DG (4)
GE

While the Mirror Method is straightforward, it has limitations. The drawback of
this method is that points B, E, and D must all lie in a vertical plane, and the

1. Arabic text in Appendix: Text 4
2. This proof belongs to both P1 and P2.
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terrain must be flat. Measuring the height (AB) becomes impossible if the
surveyor cannot stand on a straight line along BE.

111.2. Al-Khazin?’s Single-Mirror Method for Planimetry

Al-Khazini solves P2 by adapting Proposition 20 to the unknown distance' (Al-

Khazini, p. 21):
Section I1. When the Distance Between the Mirror and the Base of the Object
is Unknown, but the Height of the Object is Known
To determine this, we multiply the object’s height by the absolute distance and
divide the result by the surveyor's height. This gives the distance.
The surveyor determines the distance from the mirror to the object’s foot by
knowing or estimating the height of the object and measuring the distance from

his position to the mirror? (Al-Khazini, p. 21).

According to Proposition 20, and by using modern notions (Fig. 2):
A ABE =A DGE (5)

AB DG

=5 = oz ©

BE — AB.DE (7)
DG

However, the previously mentioned drawbacks still apply in this case.
Additionally, measuring distances may prove impossible due to obstacles in the
terrain. For example, if the object is located on the apex of a hill (Fig. 3), the
surveyor cannot accurately measure the distance to the object (BE) due to the
curvature of the hill. Nonetheless, such methods are effective in areas like plains
or deserts.

1. Arabic text in Appendix: Text 2
2. Arabic text in Appendix: Text 4
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G

E D

Fig. 3. The drawback of measurement of the height or distance by Mirror Method.

111.3. Al-Khazin1’s Double-Mirror Method

P3 is a compound problem, al-Khazini needs to propose an innovation to solve
it. He suggests using two mirrors when the distance to an object is not easily
accessible, such as when the object is located on the opposite bank of a river. This
approach allows the surveyor to determine both the distance and height of the

object simultaneously' (Al-Khazini, pp. 21-22):

Section 11l. When Both the Distance and the Height of the Object are
Unknown
If the minaret’s foot is inaccessible or the object is a mountain apex obscured by
foliage or mist, we place the mirror and derive the first absolute distance. Then,
we recede a known distance along the same line and place another mirror, deriving
the second absolute distance. We subtract the first absolute distance from the
second and call the remainder the “difference.” Next, we multiply the distance
between the two mirrors by the first absolute distance and divide the result by the
difference. This gives the distance between the first mirror and the object’s foot.
We then multiply this by the surveyor's height and divide the total by the first
absolute distance, yielding the height of the minaret.
Since al-Khazini does not cite a source for this procedure, the method likely
reflects practical expertise of architects and engineers in his time. Again, al-

1. Arabic text in Appendix: Text 3



1£+£ ¢ [9] oslod Pow § Cuns 0990 sple g1 )6 A

Khazini introduces his proof in the last part of the fifth book! (Al-Khazini, pp.

21-22):

Chapter I1. Proof of Section 111 of Chapter |

Let AB be the minaret, E the center of the mirror at the first standpoint, and D the
first standpoint where ED is the first absolute distance along the line EB. Let T be
the second mirror and L the second standpoint where A is visible at T, with LT
being the second absolute distance. We draw line ZGKS parallel to the ground and
perpendiculars ZS and SO, transforming triangles GDE and KLT into triangles
ZES and SOT, [respectively]. We draw SM parallel to ZE, making triangles ZES
and SMO equal. In the similar triangles ATE and STM, the ratio of TM to TE equals
the ratio of MS (or EZ) to EA. In the similar triangles ABE and EZS, the ratio of
EZ to EA equals the ratio of ES to EB. Therefore, the ratio of TM (the difference)
to TE (the distance between the mirrors) is equal to the ratio of ES (the first
absolute distance) to EB (the distance between the first mirror and the foot of the
minaret). The ratio of EB to BA (the desired height) is equal to the ratio of E£S ([the
first absolute] distance) to SZ (the surveyor's height). This is what we intended to

explain.
A
Z G S K
1 2 1 2
B S E D O M T L

Fig. 4.The modern figure of the Double-Mirror Method.

Al-Khazini elaborates on a technique to simultaneously determine both the
distance and height of the object using two mirrors. In this case, AB shows the
object, E and T denote the first and second mirrors, respectively. The surveyor
should position himself at point D to view the object’s apex in the first mirror

1. Arabic text in Appendix: Text 5
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(Fig. 4). Subsequently, the surveyor must move back to point L to see the object’s
apex in the second mirror. By measuring the surveyor’s height (GD) and the
distance between the two mirrors (ET), one can derive the necessary calculations:

A DGE =A ZSE (8)

AKLT =A SOT (9)

If SM is drawn parallel to ZE from point S:

A SMO =A ZSE (10)

TM =0T —OM =TL—OM =TL — ED (11)

A ATE ~A STM (12)

™ _ sM (13)
TE AE
AE — TE.SM (14)

™
A ABE =A ZSE (15)
Ez _ 3B (16)
AE BE

AE.SE TE.SM.SE TE.SE TE.ED

(14) & (16) BE = EZ. = TM.EZI = TIV.[ = TL—ED (17)

After obtaining BE, one can calculate the object’s height (AB):

__ BESZ _ BE.GD
(15)- AB = = = D (18)

TE.ED.GD TE.GD
(17) & (18)> AB = ED(TL—-ED) ~ TL—ED

(19)

V. Conclusion
In his Optics, Euclid presented the use of a mirror as an instrument for
determining the height of an object through a geometrical procedure. Al-Khazini,
in On Marvelous Instruments, advanced Euclid’s method in two cumulative
stages. The first modification involved retaining the original apparatus while
transposing the unknown variable from height to distance. In the second stage,
al-Khazini introduced an innovative second mirror within a modified
configuration. This method allowed him to resolve the problem for both height
and distance concurrently. Al-Khazini’s Double-Mirror Method functions as an
early form of indirect range-finding.

Thus, the historical development from Euclid to al-KhazinT demonstrates not
only the continuity of scientific reasoning but also the gradual shift from
theoretical optics toward instrument-based measurement in practice.
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Appendix

The edition ofal-Khazini’s original text is based on the four known
:manuscripts (Kiani Movahed, Y+ )9 p.V4+)

- M: manuscript No. Y/7¥) Y’ Majlis Library, Iran

- S: manuscript No. /?AY’ Sepahsalar School Library, Iran

- I: manuscript No. A.Y-Y\ ¥’ Istanbul Library, Turkey

- Q: manuscript No. ¥oH.K ¥/#84)’ Manisa Library, Turkey

The Istanbul manuscript was reproduced as a facsimile by Fuat Sezgin in his
collection. Nevertheless, none of these manuscripts had undergone critical
.emendation prior to the completion of Kiani Movahed’s thesis for masters degree

The Sepahsalar manuscript (S) is used as the base text because it is the most
complete and least defective, and the best handwriting. Differences with the
Majlis (M), Istanbul (1), and Manisa (Q) manuscripts are recorded in footnotes.
In order to enhance the clarity of the Arabic text, we supplied certain
supplementary words enclosed in [].
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