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agesimal digits for every minute of arc. For the composition of this
table al-Kashi first used linear interpolation, but he later invented the
remarkable iteration method described in his lost Treatise on the Chord
and the Sine. The method is also described in five other texts: (1)
the Persian treatise On the Explanation of the Determination the Sine
of One Degree (Dar baydn-i istikhraj-i jayb-i yak daraja) by al-Rumi,
(2) the Commentary on Ulugh Beg’s Astronomical Tables (Sharh-i Zij-i
Ulugh Beg) by al-Qishji; (3) the Rules of the Operation and Correc-
tion of the Table (Dustir al-‘amal wa tashth al-jadwal) by the Turkish
astronomer Mirim ChelebT (d. 1525);? this text was also known under
the title Sharh-i Zij-i Ulugh Beg. (4) the commentary on the Zij-i Ulugh
Beg by the Persian astronomer ‘Abd al-‘All al-Birjandi (d. 1528);3 (5)
the treatise published in the present paper.

A manuscript of the Persian treatise (1) of al-Rimi is now in the
German State Library in Berlin (Pertsch n° 339). A copy of this manu-
script was made available to me by Dr. Klaus Scharnhorst (Berlin,
Humboldt University). The treatise (2) by al-Qushji may be extant [17,
362] but has apparently not been studied. The section on the sine of
1° of the work (3) of Mirim Chelebi appeared in French translation by
L.A. Sé&dillot in [26] and in [27, 77-83], and in Russian translation in
[9, 311-319]. This text was used by F. Woepcke [32] and by A. Aaboe
[1]. Mirim Chelebi wrote that his exposition in (3) is based on the com-
mentary (2) of al-Qishji and on an unspecified treatise of al-Riimi [27,
69, 77]. A comparison between (3) and the manuscript of (1) shows
that (1) was the treatise by al-Riim to which Mirim Chelebi referred in
(3). The section of the second book of al-Birjand1’s commentary (4)on
the determination of the sine of 1° was published in Russian translation
by A. Ahmedov [3] on the basis of manuscript no. 704 of the Tashkent
Institute for Oriental Studies. The Persian text of part of this section
appeared in [18, 157-167].

3 The treatise published in this paper, by Boris Rosenfeld

This paper contains a facsimile edition with English translation and
commentary, of the Arabic text (5), entitled “Treatise on the Determina-
tion of the Sine of One Degree” (Risala fi stikhrdj jayb daraja wahida).
The treatise must have been written after the death of al-Kashi, because

2 For Mirim Chelebi see [15, 11:543-5451, [29, 188], [17, 475-476), [21, 316-317].
He was the grandson of al-RamT (son of his son) and of al-Qiishji (son of his daughter).
3 For al-Birjandi see [15, I1:541-543), [29, 187-188], [17, 173-175), [21, 314-316).
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his name is always accompanied by the words “may God be merciful to
him.” The treatise contains descriptions of two methods for determining
the sine of 1°, one by al-Kashi and one by the anonymous author.

The treatise has come down to us in at least eight manuscripts, of
which three are anonymous and five are attributed to al-Rimi. Thus
the work was in all probability written in the Samargand observatory of
Ulugh Beg. Here is a list of the manuscripts:

(a) The translation in this paper is based in part on the anonymous

........... Lok
ulauua»upt which is now in the Scientific mbra."y cigtheyHambelds

University in Berlin; before World War II it was in the Institut fiir
Geschichte der Medizin und Naturwissenschaften in Berlin, under num-
ber 1.15 [24, 166]. This manuscript is a handwritten copy of (b), made
in the early 20th century in Cairo for Carl Schoy, who summarized part
of the treatise in [25, 386-389]. This manuscript was also studied by
Paul Luckey in the 1940s.*

(b) The second manuscript is in Cairo, National Library, Mustafa
Fadil riyada no. 37. On this manuscript see (30, 44], [11, 1:438, I1:123-
124]. In his Survey of the Scientific Manuscripts in the Egyptian Na-
tional Library [12, 158], D.A. King wrote that this manuscript is anony-
mous and was copied around 1737. King attributed the manuscript to
al-RiimT on the basis of the reference to al-Riimi by Mirim Chelebi in
text (3) mentioned above [27, 77].

(c) The third manuscript of our treatise is in Istanbul, Kandilli Ob-
servatory (no. 76). This may have been the manuscript which was sum-
marized and analyzed by the Turkish historian of mathematics Salih
Zeki in his book Remaining Traces (Athar-i bagiyya) [36, 1:133-136].
Zeki also ascribed the treatise to al-Rimi on the basis of the reference
by Mirim Chelebi.

(d) The fourth manuscript is in Istanbul, Library of Hiiseyin Celebi
(no. 751/3). The title of this manuscript is “Treatise on the Determi-
nation of the Sine of One Degree According to Operations Established
by Arithmetic and Geometric Rules by the Method of Ghiyath al-Din
al-Kashi” (Risala fi stikhrdj jayb daraja wahida bi-a'mdl mu'assasa
‘ald gawda'id hisabiyya wa handasiyya ‘ala tarigat Ghiyath al-Din al-
Kashi), and the text is attributed to al-Riimi.

4 Luckey characterizes the work of our anonymous author as follows: “Der Ver-
fasser des Kommentars {ibt neben allen Lobsprilchen auf K. [al-Kashi] eine stellen-
weise kleinlich nérgelnde und verstindnislose Kritik und hat keinen neuen Gedanken
in das Verfahren hineingetragen” [14, 15]. Compare footnotes 53, 62, 64, 65 below.
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(e) A fifth manuscript of this treatise, which is attributed to al-Ramf,
is in the Mashhad Library Astan-i quds-i Ridawi (no. 12235/6).

() A sixth manuscript of this treatise is in the Malek Library in
Tehran (no. 3180).

(g) A seventh manuscript of this treatise is in the Malek Library in
Tehran (no. 3536/1).

(h) An eighth manuscript of this treatise is in the Majlis Library in
Tehran (no. 1531(1519)).

The manuscripts (f), (g) and (h) are mentioned by A. Qorbaniin [17,
382] as attributed to al-Rami.

(j) The Arabic text of our anonymous treatise was printed together
with the text of al-Kashi’s Sullam al-Sama’® and an anonymous treatise
on multiplication on dust boards in a lithograph edition’ in Tehran in
AH. 1299 / 1881-2 AD. It is unclear on which manuscript this edition
is based, but since the edition (j) was printed in Tehran it is possible
that (j) reproduces one of the manuscripts (f), (g) or (h). However, the
fact that the name al-Kashi appears as al-QasanT in the preambula of (j)
suggests that the preambula was not written in Iran, where the letter gaf
is pronounced as gh, but rather in Turkey, where before 1925 this letter
was pronounced as k and the combination ka was written as gd. Since
manuscript (c) contains a table (reproduced in [36]) close to Table 2 in
edition (j) (reproduced below), it is also possible that the prototype of
edition (j) is manuscript (c) or a copy of this manuscript.

A facsimile of the Arabic text on pp. 38-49 of the lithograph edition
(j) 1s appended to the present paper.

We now discuss the authorship of the treatise. Various possibilities
will be considered: A: al-Kashi himself; B: Qadi-Zadeh al-Riimi; C:
Ulugh Beg; and D: ‘Alf al-Qiishj1.

A: The Turkish historian Hajji Khalifa (1609-1657) listed a work
by al-Kashi entitled “Treatise on the Determination of the Sine of One
Degree” (Risalafi stikhrdjjayb daraja wahida) [S, II1:364]. This is also
the title of our treatise in the anonymous Berlin and Cairo manuscripts
() and (b). Thus the manuscripts (a) and (b) were ascribed to al-Kashi
in the card catalogue of the Scientific Library of Humboldt University
in Berlin and by H. Suter [29, 174], [30, 44] respectively. But our

5 For the third, fourth and fifth manuscripts see [7, 4]. -

6 The title means “Stairs to Heaven.” The treatise is concerned with the sizes and
distances of the planets and stars in the Ptolemaic universe.

7 This lithograph edition does not contain the original text of al-Kashi’s treatise on
the determination of the sine of 1°.
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treatise cannot have been written by al-Kashi because he is mentioned
as the “dearest brother” of its author.

B: In 1960 a Russian translation of the Berlin manuscript (a) ap-
peared in [23]. In that article the treatise was attributed to al-Rami
following the opinion of S. Zeki [36, 133]. We note that five of the
eight known manuscripts are attributed to al-R@mi. The anonymous
manuscripts (a), (b) and (c) were also attributed to al-Riimi by Rosen-
feld in [23], by King in [12] and Zeki in [36]. Manuscript (d) is at-

tributed to al-RGmf in a colophon by a copyist, manuscript (e) is at-

I0UICH W0 Qi 24 & LOIUpRit a cop ANalllsCiip

tributed to al-R@im{ in the catalogue of the 11brary, that is to say, by a
librarian, and probably the manuscripts (f), (g) and (h) were also at-
tributed to al-Riimi by copyists or librarians.

The name al-Rimf is mentioned in the edition (j) in the preambula to
the treatise (see p. 7 of this paper) as the person who edited and revised
the treatise. This preambula refutes the authorship of al-Rimi.

C: In his astronomical tables, Ulugh Beg states that he composed
a work on the determination of the sine of one degree by mathemat-
ical proof [27, 83]. The commentary by al-Birjandl provides addi-
tional information. In the paper “Ulugh Beg and Saway Jay Singh” [8],
Prof. T.N. Qary-Niyazov of Tashkent quotes this commentary from the
manuscript Tashkent, Institute for Oriental Studies no. 458. Al-Birjandi
says: “Since the approximate method for determining the sine of one
degree has become known, I also want to give the proof of this way of
determining it. There are two ways of determining it: one which was
found by the Sultdn of the Geometers Ghiyath al-Din Jamshid al-Kashi,
and another one which was explained in the work of the Holy Sultan-
Martyr Ulugh Beg, let there be light on his grave.”® The commentary
of al-Birjandi includes an exposition of the treatise of Ulugh Beg on
his method for the determination the sine of 1°. The chapter containing
this exposiiton was published in Russian translation by A. Ahmedov
in [3]. We have found a close agreement between this description by
al-Birjandi and the anonymous treatise published in this paper9 This
agreement and Ulugh Beg’s reference to this treatise are arguments for
Ulugh Beg's authorship of the anonymous treatise.

The attribution of our anonymous treatise to Ulugh Beg was pro-
posed by Ashraf Ahmedov and Rosenfeld in 1975 [2], and the Russian

8 For the Persian text see [8, 249-250], f. 77a of the manuscript, {3, 107], and also
{18, 160].

9 Qorbani [18, 159-167] discussed al-Birjandi’s summary of the method of al-Kashi
but not the summary of the method of Ulugh Beg.



VAT o bz 6 les qole o, b dlmo /) < Y

Mathematics in Samargand 31

translation of the main part of this treatise with the table!? from the
book of S. Zeki [36, 129] was published as a work of Ulugh Beg in
the Source Book in the History of Mathematics [35, 79-82], edited by
AP Yushkevich in 1976. A report on Ulugh Beg’s authorship of the
treatise was presented by Ahmedov and Rosenfeld in 1993 at the sym-
posium on the occasion of the 600th birthday of Ulugh Beg in Istanbul.
The report was published in 2000 in [20], and our anonymous treatise
is also attributed to Ulugh Beg in{15] and [21]. Another argument for
Ulugh Beg’s authorship is given in footnote 53 below.

Since none of the extant manuscripts of this treatise are attributed to
Ulugh Beg, and five of them are attributed to al-R@mi, some historians
of science believe that the second method for the determination of the
sine of 1° and the treatise published in this paper must be attributed to
al-Rami rather than to Ulugh Beg. We note that al-Kashi could have
been called “dearest brother” by both Ulugh Beg and al-Rimi.

D: In his commentary to the Zij of Ulugh Beg, Mirim Chelebi wrote
that there are other methods for the determination of the sine of 1°,
which were explained in the commentary (2) by al-QushjT [27, 83).
Manuscript no. A 134/2 in the St. Petersburg Institute for Oriental Stud-
ies (formerly the Asiatic Museum) is entitled “Treatise on Arithmetic
Rules and Geometric Indications” (Risala fi l-qawa‘id al-hisabiyya
wa’l-dal@’il al-handasiyya). The manuscript had been attributed to al-
Qiishji in [15, I1:505], but in the catalogue of manuscripts of this In-
stitute published in 1986 [10, 455], the treatise is ascribed to Bahd’ al-
Din al-‘Amilf (1547-1622), the prominent Iranian mathematician and
Shaykh al-Islam at the court of the Safawid Shah ‘Abbés L. This manu-
script is located between two manuscripts nos A 134/1 and A 134/3 of
al--Amili, which are both theological treatises [10, 78]. If manuscript
A 134/2 is indeed a work of al-‘Amilf, there is no doubt that it is a revi-
sion of a treatise of al-QiishjT with the same title. B.A. Rosenfeld points

e ¢l
out that this title almost coincides with the subtitle of our anonymous

treatise in the manuscript Hiiseyin Gelebi (d), so al-QiishjT may also be
the author of our treatise.

To sum up, the author of our text has not yet been identified with
certainty, but the treatise was clearly written by a mathematician in the
Samarqand observatory.

The translation in this paper is based on the Tehran lithograph edi-
tion (j) of which a facsimile has been appended. The entire text has

10 This table resembles our Table 2 but is by no means identical to it. Zeki probably
took it from the manuscript (c).
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been compared with manuscript (a). The version in (j) contains several
passages which are missing in (a) and also two tables (Tables 1 and 2),
where manuscript (a) has only blank spaces. In the few instances where
we have corrected the text in (j) by means of (a), the corrections have
been mentioned in footnotes. In the translation, numbers in parenthe-
ses (j38), (j39) etc. and (a2), (a2) etc. refer to the beginning of pages in
the lithograph edition (j) and the manuscript (a). Our own explanatory
additions appear in square brackets.

We thank Dr. Klaus Scharnhorst (Berlin) for sending copies of
the Berlin manuscript (a), Professor John L. Berggren (Burnaby BC,
Canada), and Dr. Michael Rozenman (Washington DC) for comment-
ing on earlier versions of this paper, and Prof. Mohammad Bagheri
(Tehran) for sending a copy of the lithograph edition (j) which has been
reproduced in this paper.

4 Translation by Boris Rosenfeld and Jan P. Hogendijk

(al) (j38) A TREATISE ON THE DETERMINATION OF THE SINE OF
ONE DEGREE WITH TRUE PRECISION, DETERMINED BY THE MOST
PERFECT OF THE GEOMETERS, JAMSHID AL-QASANI, EDITED AND
REVISED IN THIS LETTER BY QADI-ZADEH AL-RUMI, THE AU-
THOR OF THE COMMENTARY ON CHAGHMINI, 1112

(a2) In the name of God, the Merciful, the Compassionate.

I praise Him for His abundant blessings and His graceful kindness
and I pray for His servants [i.e., the Prophets] who follow His revela-
tions and teachings, and for their families who are rightly guided by
His generosity and His inspiration.

Further, this treatise is about the determination of the sine of one de-

gree by operations based on geometric and arithmetic rules suggested

by the dearest brother, who was unique in his time, Jamshid ibn Mas‘td,

' On the astronomer al-Chaghmini or al-Jaghmini (died ca. 1220) see [15, H1:368-
370], [21, 198-199]; the year of his death 745 H./1345 AD in [29, 164] and [17, 219-
220] is incorrect. Al-Chaghmini was the author of The Compendium on Astronomy
(al-mulakhkhas fI al-hay’a). More than 100 Arabic manuscripts of this commentary
are listed in [6, 8-21]. For a German translation of this work see [22]. Al-Riimi wrote
a commentary on this work.

. Manuscript (a) bears the title “A Treatise on the determination of the sine of one
degree,” to which manuscript (d) adds “according to operations established by arith-
metic and geometric rules by the method of Ghiyéth al-Din al-Kashi”.



