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Abstract
Autolycus’ On the Moving Sphere is among the earliest Greek
mathematical works to reach us and was considered a staple of
the middle books which were intended to be studied between the
Elements and the Almagest. This text was also among the many
mathematical works translated to Arabic in the 3'%/9" century and
was the subject of several translations, redactions, and
recensions. In analyzing the available copies of al-Kura al-
muta/arrika, we identified five different versions. In this paper,
we study these five versions, with a focus on the seventh
proposition, in order to characterize their relations to each other
and to the extant Greek text.
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Introduction

Autolycus of Pitane (fl. c. 300 BC) was a successor to Eudoxus (d. c.
347 BC) in the study of spherical astronomy and was perhaps a
predecessor or contemporary of Euclid (fl. c. 295 BC). The two treatises
of Autolycus, ITepi kivovpuévng oeaipog (De sphaera quae movetur, al-
Kura al-mutaharrika, On the Moving Sphere) and Ilepi émtoAdv kai
dvoewv (De oritubus et occasibus, Fi al-tulii ‘ wa-al-ghuriib, On Risings
and Settings), are among the earliest Greek astronomical works to
survive in their entirety. It is commonly held that On the Moving Sphere
is earlier than Euclid’s Phaenomena, on the grounds that Euclid appears

to make use of Autolycus in his own work." As Heath put it, “That
[Autolycus] wrote earlier than Euclid is clear from the fact that Euclid,
in his similar work, the Phaenomena, makes use of propositions
appearing in Autolycus, though, as usual in such cases, giving no
indication of their source.”” However, Neugebauer found this argument
for the relative dating of Autolycus and Euclid to be “singularly naive”
and not strong enough to rule out the possibility that the two were
contemporary.” Dating Autolycus is important since, as we will see

later, the form and method of proof in Autolycus is very similar to what
we find in Euclid’s Elements.

1. See, for example, Germaine Aujac, Autolycos de Pitane. La sphere en mouvement. Levers et
couchers héliaques, testimonia (Paris: Les Belles Lettres, 1979), 8-10; G. L. Huxley,
“Autolycus of Pitane,” in Dictionary of Scientific Biography, ed. Charles Coulston Gillispie
(New York: Charles Scribner’s Sons, 1970), 1:338-39; Joseph Mogenet, Autolycus de Pitane:
histoire du texte suivie de I’édition critique des traités De la sphére en mouvement et Des levers
et couchers (Louvain: Bibliothéque de 1’Université, Bureaux du recueil, 1950), 5-9; Paul
Tannery, Mémoires Scientifiques, ed. H. G. Zeuthen and J. L. Heiberg, vol. II: Sciences exactes
dans Iantiquité (Toulouse: Edouard Privat, 1912), 225.

2. Thomas Little Heath, A History of Greek Mathematics: From Thales to Euclid, vol. 1
(Oxford: Clarendon Press, 1921), 349.

3. Otto Neugebauer, A History of Ancient Mathematical Astronomy (Berlin; New York:
Springer-Verlag, 1975), 750. See also: Alan C. Bowen, “Autolycus of Pitane,” in The
Encyclopedia of Ancient History, ed. Roger S. Bagnall, Kai Brodersen, Craige Brian Champion,
Andrew Erskine, and Sabine R. Huebner (Malden, MA: Wiley-Blackwell, 2013), 2:980-81;
Alan C. Bowen and Bernard R. Goldstein, “Hipparchus’ Treatment of Early Greek Astronomy:
The Case of Eudoxus and the Length of Daytime,” Proceedings of the American Philosophical
Society 135, no. 2 (1991): 246. Bowen and Goldstein build on Neugebauer’s refutation of Heath
to argue that the usual arguments for dating Autolycus to before Euclid are equally weak: “the
assumption that Autolycus must have lived in the fourth century seems ultimately based on the
dubious assumption that attention to simpler and less sophisticated theories generally belongs
to a period prior to that of concern with more complex and sophisticated theories.”
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Many scholars have suggested that both Euclid and Autolycus made
use of an earlier work on the sphere, unknown to us, from which they
appropriated several propositions without themselves providing the
proofs. In the course of proving proposition 7 of On the Moving Sphere,
Autolycus uses, without explicit proof, what would later become
proposition I11.1 of Theodosius’ Sphaerica (d. c. 399 BC) and to which
we will return later in this paper. Although it is not clear if Euclid used
Autolycus’ work or if they were both using a similar source, it has been
generally accepted that the method of proof used in their works had a
long history before them.

It is well known that the Greek method of proof was adapted into
medieval Arabic and Persian mathematical works, but the nature of this
adaptation and the possible changes resulting from the appropriation
requires further research. One approach to studying the adaptation of
this style of proof into Arabic is to examine the various Arabic
translations and recensions of Greek mathematical works against the
extant Greek texts. In the course of the 2—4"/8-10" century translation
movement, virtually all Greek mathematical works were translated into
Arabic and, interestingly, many of these texts were translated several
times. In addition to this practice of re-translation, it was common for
different scholars to prepare their own recensions of the early
translations. Autolycus’ On the Moving Sphere was one text in this
tradition, subject to translation, re-translation, and the production of
recensions.’

In analyzing the available Arabic copies of Autolycus’ On the
Moving Sphere, we were able to distinguish five different versions,
outlined in the following table:"

1. Another example is the Sphaerica of Theodosius, about which see: Richard Lorch, “The
‘Second’ Arabic Translation of Theodosius’ Sphaerica,” in From Alexandria, Through
Baghdad: Surveys and Studies in the Ancient Greek and Medieval Islamic Mathematical
Sciences in Honor of J.L. Berggren, ed. Nathan Sidoli and Glen Van Brummelen (Berlin;
Heidelberg: Springer-Verlag, 2014), 255-58; Paul Kunitzsch and Richard Lorch, Theodosius
Sphaerica: Arabic and Medieval Latin Translations (Stuttgart: Steiner, 2010).

2. For each version, we have indicated all the copies that we could locate, except for version IV
(Tust’s recension) for which we have listed only a selection of the most important witnesses.
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Version Sigla Manuscript
A7) Turkey, Istanbul, Topkap1 Saray Miizesi Kiitiiphanesi,
Ahmet I11, 3464, ff. 54b-58b (early 7M/13™" century).
K () Private Collection (formerly in possession of Paul
Kraus), ff. 65b—70b.
X (+) United Kingdom, Oxford, Bodleian Library,
| Huntington, 237, ff. 76a-82a.
B () Iran, Tehran, Danishgah-i Tihran, Kitabkhana-yi
: Markazi, 1063, ff. 27a—28a.
Turkey, Istanbul, Kopriilii Kiitiiphanesi, Fazil Ahmed
Pasa, 932, ff. 66a—66b (71/13™ century).
S () Turkey, Istanbul, Sileymaniye  Kitiphanesi,
o Ayasofya, 2671, ff. 122b—132a (copied 621/1224).
Il United Kingdom, London, Institute of Ismaili Studies,
L (J) | Hamdani Collection, 1647, ff. 39b—40b, 2a-b, 13a-b,
41a-42b (7M/13" century).
M () Iran, Tabriz, Kitabkhana-yi Milli-yi Tabriz, 3484, pp.
£/ | 58-63 (713" century).
_ Turkey, Istanbul, Hac1 Selim Aga Kiitiiphanesi, Haci
WV Tas) | Q@ | gelim Aga, 743, ff. 241b-243a (672/1274).
G (-) Iran, Tehran, Sipahsalar (Mutaharri), 4727, ff. 67b-
& | 69b (17 Sha‘ban 671/9-10 March 1273).
D (5) Ireland, Dublin, Chester Beatty Library, Arabic, 3035,
ff. 144a-147b (copied 669/1271).
Iran, Tehran, Kitabkhana-yi Majlis-i Shura-yi Islami,
Shura, 200, ff. 254b—260a.
Q@) Iran, Mashhad, Kitabkhana-yi Markazi Astan-i Quds,
5232, pp. 77-91 (7™/13™ century).

I F (<)

V (Maghrib?) | R()

One of the main tasks of this research project is to shed light on the
authorial attribution of each of these versions. Based on a survey of the
content of each version, compared to the Greek text, we can make several
statements about the relation of the versions to each other which we will

simply mention here and discuss more thoroughly as the paper proceeds.’
Versions 1l and Il are very close to the extant Greek text and, most

probably, one of these versions was prepared based on the other, but we
have not come to a definitive conclusion on which is which. It is

1. See also: Francis J. Carmody, The Astronomical Works of Thabit b. Qurra (Berkeley:
University of California Press, 1960), 217. Since the main focus of Carmody’s work is not the
recensions and translations of al-Kura al-mutajkarrika, his statement on the topic is a bit
ambiguous but he seems to be saying that the translation he attributed to Thabit (our version
111) and the one he attributed to Ishaq (our version I) are more similar to the Greek text than the
recension of TasI.
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important to note that we find in both of these versions passages which
are not found in the extant Greek text. Version I, by contrast, seems to
have been prepared either based on an unknown Greek recension or on
a different Arabic translation of the extant Greek text. Version IV, Nasir
al-Din al-Tust’s (d. 1274) recension which would become the most
widely circulated version, seems to have been adapted directly or
indirectly from version I. Finally, version V is a recension prepared by
Muhyi al-Din Ibn Abi al-Shukr al-Maghribi (d. 1283) and, in
comparison to versions | and 1V, is more similar in content to the Greek
text but is still notably different from versions 1l and I1l." Moreover,

there is strong evidence to deny any substantial dependence of
Maghribi’s version on that of Tiis1."

Extant Greek

Version \
? (a Greek or

Arabic text)

Version ) Version \
1 1

Version
|
?
Version
- IV (Tusi)
Version
V (Maghrib)

1. See: Muhsin ibn ‘Alf ibn Muhammad Agha Buzurg al-Tihrani, al-Dhart‘a ild tasanif al-
shi‘a, vol. 3 (Beirut: Dar ihya’ al-turath al-‘arabi, 2009), 383.

2. In addition to his recension of Autolycus’ al-Kura al-mutakarrika, Maghribi is known to
have prepared several recensions of Greek mathematical works for which Tasi had already
prepared his own recension and to which Maghribi may have had access. Examples of such
works include Ptolemy’s Almagest, Euclid’s Elements, and Theodosius’ Sphaerica. To what
extent Maghribi’s recensions depended on or relate to Tasi’s recensions remains an open
question for research. See: Masoumeh Amirimogaddam, “Al-Tast’s Recension Method in
Comparison to the Maghribi’s Recension of Theodosius’ Sphaerica,” (in Persian) Tarikh-e EIm:
The Iranian Journal for the History of Science 11, no. 1 (2013/1393): 1-30.
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The authorship information gleaned from the manuscript copies of
the five versions is not consistent. Among the five versions, the
authorship of versions I, 11, and 111 are unclear.

Ibn al-Nadim (d. ¢. 995) only mentioned one person in relation to the
Arabic translation of Autolycus’ al-Kura al-mutaharrika: Abu Yusuf
Ya'qub Ibn Ishaq al-Kindt (d. 873). Under the entry for Autolycus, he
listed both al-Kura al-mutaharrika and F1 al-tuli * wa-al-ghurab. 1bn
al-Nadim tells us that the former was corrected by Kindi (islah al-
Kindi)' but Kind?’s name is not mentioned in any of the copies we

analyzed. The word islah (correction, modification, improvement)
refers to a common practice in the 2-4"/8-10" century translation
movement whereby one person was responsible for the initial
translation of a text and another for correcting, rephrasing, and
restructuring the text.

Kindi has, in fact, been credited with both the translation and
correction of various mathematical works." In the introduction to his
recension of the first book of Ptolemy’s Almagest, entitled Kitab fi al-
sind a al- ‘uzma (The greatest craft), Kindi refers the reader to two of
his own works which may be related to the present work of Autolycus:
Kitab fi al-kura (On the sphere) and Kitab fi harakat al-kura (On the
motion of the sphere), neither of which are extant.” Elsewhere in the
body of this text, Kindi makes reference to a work of his entitled Kitab
al-ukar (On the spheres). We are not aware of any copies of this work

1. See: Ibn al-Nadim, Kitab al-fihrist, ed. Reza Tajaddod (Tehran: Marvi Offset Printing, 1393),
328. See also the edition by Ayman Fu’ad Sayyid (London: al-Furgan Islamic Heritage
Foundation, 2009), 216. Ibn al-Nadim did not mention this work under his entry for Kindi but
he did list his risala fi al-kuriyyat (The treatise on the spheres) which may be a reference to
Autolycus’ treatise. Al-QiftT adds nothing to Ibn al-Nadim. Haji Khalifa adds that the translation
was first produced during the period of the Abbasid Caliph al-Ma’miin and later corrected by
Kindi, see: Haji Khalifa, Kashf al-zuniin ‘an asami al-kutub wa-al-funiin, ed. Serefettin
Yaltkaya and Kilisli Rifat Bilge, vol. 1 (Istanbul: Wikalat al-ma‘arif, 1971), 142.

2. Franz Rosenthal, “Al-Kindi and Ptolemy,” in Studi orientalistici in onore di Giorgio Levi
Della Vida, vol. 2, Pubblicazioni dell’Istituto per I’Oriente 52 (Roma: Istituto per 1’Oriente,
1956), 436-56; A.l. Sabra, “Some Remarks on al-Kind1 as a Founder of Arabic Science and
Philosophy,” in Dr. Mohammad Abdulhddi Abii Ridah Festschrift, ed. ‘Abd Allah ‘Umar
(Kuwait: Kuwait University, 1993).

3. Franz Rosenthal, Ya ‘qib Ibn Ishaq al-Kindr: FT al-sind ‘at al- ‘uzmé& (Nicosia, Cyprus: Dar
al-Shabab, 1987), 120.
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but, from the context of Kind1’s references, it does not seem relevant to
Autolycus’ al-Kura al-mutaharrika.'

Thabit ibn Qurra (d. 901) was also known for correcting the
translations of many mathematical works, such as Euclid’s Element and
Ptolemy’s Almagest. He apparently corrected Autolycus’ text as well
since TusT starts his recension of On the Moving Sphere with the words
“tahriru kitabi al-kurati al-mutaharrikati li-Utiliqusa aslahahii
Thabit” (the recension of the moving spheres by Autolycus corrected
by Thabit [ibn Qurra]). This statement suggests that Autolycus’ book
was perhaps translated by someone else and later corrected by Thabit.
On the other hand, one of the copies of version Il (MS S) starts with
“kitabu Utiiliiqusa fi al-kurati al-mutaharrikati tarjamatu Thabiti ibni
Qurrati wa-tashthuhi” (the book of Autolycus on the moving sphere,
translated and corrected by Thabit ibn Qurra) and ends with, “tamma
kKitabu Utiliiqusa fi al-kurati al-mutaharrikati tarjamatu Thabiti ibni
Qurrati al-Harrani” (thus ends the book of Autolycus on the moving
sphere, translated by Thabit ibn Qurra al-Harrani). The second copy of
the version III (MS L) ends with “tamma kitabu Utiiligiisa fi al-kurati
al-mutaharrikati islahu Thabiti ibni Qurrati al-Harrani” (thus ends the
book of Autolycus on the moving sphere, corrected by Thabit ibn Qurra
al-Harrant). One may conclude that TsT was referring to this version
I11; however, as noted above and as will be discussed later in this paper,
this is questionable since Tsi’s revision is actually based on version I,
the copies of which do not bear Thabit’s name." At the end of MS A

(version 1), we find “tamma kitabu Utiliqusa fi al-kurati al-
mutaharrikati ikhrdju Ishaqi ibni al-Hasani” (thus ends the book of
Autolycus on the moving spheres composed by Ishaq ibn al-Hasan).
The name “Ishaq ibn al-Hasan” is probably due to a copyist mistake in
writing “Ishaq ibn Hunayn,” a famous 3'9/9" century translator from
Greek to Arabic. Yet, at the beginning of another copy of version I, MS
X, Hunayn ibn Ishaq (d. 873) is introduced as the translator of
Autolycus’ text. Hunayn ibn Ishaq, the father of the former Ishaq ibn
Hunayn, is generally known for his translation of medical works. Other

1. Ibid., 175-76.

2. See: Younes Karamati, “Tahrir,” in Da irat al-ma ‘arif-i buzurg-i Islami, ed. Kazim Misavi
Bujniirdi (Tehran: Markaz-i da’irat al-ma‘arif-i buzurg-i Islami, 2007/1385), 603—6. Karamati
comes to the same conclusion as we do, i.e., that TaisT’s version is most closely related to version
I which bears the name of Ishagq.
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than searching for additional authentic copies of these versions, one
way that we can further determine their authorship is to try to identify
relationships between these versions in content, terminology, and
structure. Thus, in the following sections of this paper, after briefly
reviewing the printed editions of Autolycus’ On the Moving Sphere and
the content of the treatise, we compare the five Arabic versions and try
to highlight the connections between these different versions.

The complete text of both works of Autolycus was first made
available in a modern edition based on five manuscripts by Fridericus

Hultsch with his own Latin translation in 1885.' Joseph Mogenet
published a new critical edition of the Greek text in 1950, based on all
forty-three manuscripts known at the time." Mogenet had also
published, a couple years earlier, an edition of the Latin translation, De
sphaera quae movetur, by Gerard of Cremona (d. c. 1187)." In 1971,
English translations of both works of Autolycus were published by
Frans Bruin and Alexander Vondjidis, together with a re-printing of
Hultsch’s Greek editions.” The Greek texts were edited yet a third time
and published in 1979 with French translations by Germaine Aujac
based on the oldest and most precise manuscript witnesses.® The Arabic
text of Tasi’s recension of al-Kura al-mutaharrika was published in
Hyderabad in 1939.” None of the other Arabic versions studied in this
paper have yet been published. Throughout the present study, we take
the text prepared by Aujac to be representative of the Greek text of

Autolycus and the most authoritative of the three editions of the Greek.
Since this flurry of scholarship, very little has been published on

1. Fridericus Hultsch, Autolyci de sphaera quae movetur liber. De oritubus et occasibus libri
duo (Lipsiae: B.G. Teubner, 1885).

2. Joseph Mogenet, Autolycus de Pitane: histoire du texte suivie de I’édition critique des traités
De la sphére en mouvement et Des levers et couchers (Louvain: Bibliothéque de 1’Université,
Bureaux du recueil, 1950).

3. Joseph Mogenet, “La traduction latine par Gérard de Crémone du Traité de la Sphére en
Mouvement d’ Autolycus,” Archives internationales d’histoire des sciences 5 (1948): 139-64.
4. Frans Bruin and Alexander Vondjidis, The Books of Autolykos: On a Moving Sphere and on
Risings and Settings (Beirut: American University of Beirut, 1971).

5. Aujac, Autolycos de Pitane. La sphére en mouvement. Levers et couchers héliaques,
testimonia (Paris: Les Belles Lettres, 1979).

6. Nagir al-Din Muhammad ibn Muhammad al-Tasi, Majmii * al-rasa’il, 2 vols. (Hyderabad:
Matba‘at da’irat al-ma‘arif al- ‘uthmaniyya, 1939).
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Autolycus and next to nothing has been said of the Arabic translations
and recensions, despite the fact that Tis1’s would circulate widely and
become a staple of the works known as the mutawassitat—
mathematical texts intended to be read between Euclid’s Elements and
Ptolemy’s Almagest. In 1900, Heinrich Suter listed two Arabic versions
of Autolycus’ On the Moving Sphere: a translation under the name of
Ishaq ibn Hunayn known to him in a single witness, MS X above, and
several witnesses of TiisT’s recension.’ Suter makes no comment on the

veracity of the attribution of the former to Ishaq or its relation to the
latter version of Tus1. To the best of our knowledge, the first modern
scholar to recognize that there are indeed distinct Arabic versions of al-
Kura al-mutaharrika that predate TiisT’s recension was Max Krause."

Krause listed two Arabic translations: one under the name Autolycus,
our MS A (version I) which, as previously discussed, is attributed to
Ishaq ibn al-Hasan [sic] in the colophon and a second translation under
the name of Thabit ibn Qurra, our MS S (version III). Krause also listed
several witnesses of TiisT’s recension.” Fuat Sezgin, under his entry for

Autolycus, listed three copies: our MSS A, S, and K, the latter having
been previously held by Paul Kraus and now in a private collection.f

Sezgin repeats the usual statment that the initial translation was done
by Ishaq and corrected by Thabit, however, he does not cite any
manuscript witnesses under his entries for either figure. None of the
aforementioned scholars have carefully examined the content of these
various Arabic versions or situated them relative to the Greek text. In
this paper, we present a preliminary such study, focusing on the seventh
proposition of the work, placing it in the context of the whole text, and
examining how it differs from one Arabic version to another.

On the Moving Sphere examines the celestial sphere as it rotates in

1. Heinrich Suter, Die Mathematiker und Astronomen der Araber und ihre Werke (Leipzig:
B.G. Teubner, 1900), 40 and 152.

2. Max Krause, “Stambuler Handschriften islamischer Mathematiker,” Quellen und Studien zur
Geschichte der Mathematik, Astronomie und Physik. Abteilung B, Studien 3 (1936): 440, 457,
and 502.

3. See also: Karamati, “Tahrir.” Karamati studied the introductions of the three copies cited by
Krause to show that each represents a distinct translation or recension of the text of Autolycus.
4. Fuat Sezgin, Geschichte des arabischen Schrifttums, vol. 5 (Frankfurt am Main: Institut fir
Geschichte der Arabisch-Islamischen Wissenschaften an der Johann Wolfgang Goethe-
Universitat, 1974), 82.
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relation to a fixed horizon about an axis extending from pole to pole.
The work opens with four preliminary assertions. It should be noted that
in the Greek manuscripts no distinction is made between these first four
statements and the main propositions of the text, nor are the former

explicitly labeled as époi.’ Here, Autolycus states what he intends by

uniform motion, the axis of a sphere, and the poles of a sphere.
Following the first statement, a more involved assertion is made,
without proof, that the ratio of the distances traversed by a point under
uniform motion will equal the ratio of the corresponding time intervals.

Propositions 1-3 define “parallel circles” and illustrate some of their
properties: all points lying on the surface of a sphere rotating uniformly
about its axis—except those points on the axis itself (i.e., at the poles)—
will describe parallel circles that have the same poles as the sphere and
are perpendicular to the axis. In propositions 2 and 3, it is argued that,
under uniform motion, all points on the surface of the sphere trace
similar arcs of the parallel circles on which they are carried in equal
times.

Propositions 4-11 consider the motion of points on circles on the
surface of the sphere with respect to the horizon. If the horizon is taken
to be fixed orthogonal to the axis of the rotating sphere, none of the
points on the surface of the surface will rise or set: those in the visible
part will always be visible and those in the invisible part always
invisible (prop. 4). If the axis of a rotating sphere lies on the fixed
horizon, all points on its surface will rise and set and will be visible and
invisible for equal times (prop. 5). If the horizon is taken to be inclined
to the axis, several observations follow:

The horizon will lie tangent to two small circles on the surface of the
sphere which are equal and parallel to one another: the circle towards
the visible pole is always visible and the one towards the invisible pole
is always invisible (prop. 6)."A small circle lying on the surface of the

sphere perpendicular to the axis and intersecting the horizon will always
rise and set at the same points and will be equally inclined to the horizon
(prop. 7).The great circles lying on the sphere tangent to two small

1. For a discussion of definitions in the extant Greek manuscripts of On the Moving Sphere,
see: Tannery, Mémoires Scientifiques, 54-59. See also: Arpad Szabd, The Beginnings of Greek
Mathematics (Dordrecht; Boston: D. Reidel Publishing Company, 1978), 220-26.

2. For a discussion of this proposition see: Nathan Sidoli, “On the use of the term diastéma in
ancient Greek constructions,” Historia Mathematica 31, no. 1 (February 1, 2004): 2-10.
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circles which are tangent to the horizon will coincide with the horizon
at one moment as the sphere rotates (prop. 8). The points which rise
closer to the visible pole will set later while those points which set
closer to the visible pole will rise earlier (prop. 9).

The circle passing through the poles as the sphere rotates will be at
two times perpendicular to the horizon (prop. 10).

If another great circle is tangent to parallel circles that are larger than
those to which the horizon is tangent, the points on that second great
circle rise and set on the part of the horizon that is bounded by those
larger parallel circles to which the supposed great circle is tangent
(prop. 11).

In the twelfth and final proposition, Autolycus considers the case in
which a great circle bisects another circle and defines the conditions
under which that latter circle would itself be a great circle.

The propositions in On the Moving Sphere generally follow a
Euclidean form of proof. This form typically consist of the zpéraoic
(protasis, enunciation), followed by the ékfcoic (ekthesis, setting out),
ooprouog (diorismos, definition of the goal), karooxevy (kataskeue,
construction), drodei&ic (apodeixis, proof), and ending with the
ovumépaouo, (Sumperasma, conclusion). The protasis is a statement in
general terms of what is to be proved. The ekthesis-diorismos restate
the protasis in terms of a lettered figure. The diorismos is an assertion
usually beginning with ‘I say that’ and serves to make the proof easier
to follow. The sumperasma delivers the inference to the original
proposition from the construction and proof, repeating the protasis in
general terms and ending with ‘which was required to be proved.”’

This style of proof was, in some sense, appropriated into medieval
Arabic and Persian mathematical works, even as various
mathematicians adapted and modified this form according to their
intentions in a particular text. This phenomenon is evident in the various
translations and recensions of al-Kura al-mutaharrika. In version I, for
example, in two separate places in the seventh proposition, the adapter
adds diorismoi that are not found in the Greek text and which TasT later
removes in his own recension. In other cases, we see that some adapters

1. This is the case, in general, for theorems but not for problems where the purpose of the
demonstration is to confirm the construction and so Euclid typically ends with the phrase
‘which was required to be done.” See: Heath, Euclid, 1:124-29.
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include or remove auxiliary propositions needed in the course of the
construction or proof. We even see adapters, of versions Il and 1l in
particular, attempting to state proposition 7 in more general terms by
considering cases that we do not find in the extant Greek text nor in
other Arabic versions.

That there were wide variations in the adaptations of the Euclidean
style of proof into Arabic mathematical works was not lost upon these
mathematicians themselves: Maghribi, in his recension of Euclid’s
Elements, known as Tahrir al-Usil, criticizes Avicenna for having
omitted the enunciations and many lemmata in his own recension of the
Elements. Maghribi is similarly critical of the 11" century
mathematician Abi al-Qasim ‘Al ibn Isma ‘1l al-Nisaburi for doing the
same and for including repetitive additions while omitting important
details. Although Abt Ja‘far al-Khazin (d. c. 971) apparently included
the enunciations, Maghribl was still critical of his alteration of the
number of propositions and rearrangement of their ordering. For his
part, Maghribi tells us that his goal was to produce an improved edition
which supplied better proofs by clarifying ambiguities, removing
redundancies, addressing deficiencies, and mentioning lemmata
(mugaddimar) required in the course of the demonstrations.’

To see this adaptive practice at play, we can examine the different
ways various mathematicians rendered proposition 7 of On the Moving
Sphere into their Arabic versions." This is an especially fruitful case

study since this proposition is among a series of propositions that
consider the implications of supposing the horizon to be inclined with
respect to the axis. Furthermore, the available Greek text itself omits
some auxiliary constructions in the course of the seventh proposition
which we find referenced in some Arabic recensions, but not in others.
This offers us the opportunity to not only situate these versions relative
to each other but also relative to the Sphaerica of Theodosius, of which
at least two of our adapters, Tasi and Maghribi, have their own
recensions.

In the seventh proposition, Autolycus considers the case of a sphere

1. AL Sabra, “Simplicius’s Proof of Euclid’s Parallels Postulate,” Journal of the Warburg and
Courtauld Institutes 32 (1969): 14-15.
2. We are in the process of preparing an edition and translation of the entire text for all available
versions which will allow us to present a better analysis of the text and its tradition. The seventh
proposition serves here as a case study.
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with a horizon inclined to the axis and opens with the protasis, asserting
that the small circles lying on the surface of the sphere perpendicular to
the axis and intersecting the horizon will always rise and set at the same
points and will be equally inclined to the horizon. Autolycus used the
expression “0 opilwv v ti] apaipg KOKAOS TO T& PAVEPOV THS TYAIPOS
kol 10 apaveg kol to dpaves” (the circle in the sphere dividing the
visible and the invisible [portions] of the sphere) to refer to the horizon
circle. In version Ill, dpilew—fFfrom a root meaning to divide, separate
from, as a border or boundary—became hadda while in version 11, it
became fasala. Al-Farghai (fl. 9" century) in his Jawami ‘ and Thabit
ibn Qurra in his Tashil al-majisti use the same verb as version II.'

Versions V and | are here consistent with version Il and, throughout
those versions, the horizon circle is always referred to using this same
formula. However, in the first appearance of the horizon circle in
version IV, in proposition 4, TtsT uses a similar expression, “idha kanat
‘ala  kuratin da’iratun ‘azimatun tahiddu bayna zahirihd wa-
khafiyyiha,” but added “wa-I-tusamma bi-al-ufugi” (let it be called ‘the
horizon”). TaisT uses similar terminology in proposition 5, “al-da iratu
al- ‘azimatu ‘ald al-kurati al-fasilati bayna zahiriha wa-khafiyyiha”,
and again adds “a‘'mi al-ufuq” (meaning, the horizon). In all
propositions thereafter, including the seventh, TiisT uses only the term
al-ufuq to refer to the horizon.

Crucially, the protasis in versions Il and Il differs from that found
in the extant Greek text and the other Arabic versions in that there is an
attempt to cast the seventh proposition in more general terms, that is, to
handle both the case in which the horizon is inclined toward the axis
and the case in which it is passes through the poles of the sphere. Thus,

1. Ahmad ibn Muhammad ibn Kathir al-Farghani, Jawami‘ ‘ilm al-nujim wa-usil al-harakat
al-samawiya, ed. Jacob Golius, Amsterdam, 1669 (reprinted by Fuat Sezgin, Frankfurt am
Main: Institut fur Geschichte der Arabisch-Islamischen Wissenschaften an der Johann
Wolfgang Goethe Universitét, 1986), 20:

(oY o g it b s 201 B8 sl o gl ey s 315 5100 a 333013 505 T i
“then we say the horizon circle is the circle that divides what is visible of the sky above the
earth from what is invisible below the Earth.”
Thabit ibn Qurra, Tashil al-majist;, ed. Régis Morelon, in Thabit ibn Qurra (Euvres
d’astronomie, Paris: Société d’édition «Les Belles Lettres», 1987, 3:

g b s (31 b sladl n 6 b o s 15 30001 n 53913 5050

“the horizon circle is the circle that divides what is seen from the sky above the earth and what
is below it.”
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the protasis of version Il includes, “kana al-ufuqu ma’ilan aw kana ‘ald
al-qutbayni wa-idha kana al-ufuqu ma’ilan ‘an al-mihwar” (the
horizon being either inclined or [passing] through the poles; if the
horizon is inclined with respect to the axis). In version Ill, this was
stated as, “fa-in kana al-ufuqu ma’ilan ‘ald al-mihwar” (then if the
horizon is inclined toward the axis).

The Greek Jduoiwg eiol kexAévor, meaning ‘to be similarly
inclined,” used in the protasis and elsewhere in this proposition was
rendered in version Il as maylun mutashabihun and in version 1l as
mutasawiya, except in the closing section of the proof in which we find
version 11 using mutasawiya where |1 uses mutashabihun." In versions

I and IV, the term mutashabih was used consistently where mutasawt
was used in version V. Finally, whereas we consistently find the
preposition ‘ald used for ‘inclination toward’ throughout versions I, I1I,
IV, and V, in version Il the preposition ‘an is preferred.

The protasis is followed by an ekthesis in which the horizon and the
parallel circles are named, then the diorismos restates the protasis in
terms of the lettered figure of the ekthesis. The diorismos in each of
versions Il and 11l differs from those of the Greek and other Arabic
versions in a manner corresponding to the aforementioned differences
in the enunciations, so the condition of the horizon being inclined with
respect to the axis is removed in the diorismos in these two versions.
Versions V and | mirror the diorismos found in the Greek text while
Tast omits it altogether in version 1V,

In versions Il and 111, like the Greek text, the first diorismos mentions
only the first goal of the proposition, i.e., the rising and setting of all
parts of the perpendicular circles on identical points. However, the
author of version V also asserts in this diorismos that the circles have
equal inclination with respect to the horizon.

In the ekthesis-diorismos, the translation of dpilw in all three
versions follows the same style as that in the enunciation. The author of
version Il uses fa-l-natruk where the authors of other versions use fa-1-
yakun, this is a stylistic feature which may help us in determining the
authorship of this version. We also see here for the first time another
distinctive stylistic feature, this time in version Ill, where the author

1. The corresponding phrase in the protasis is found in the Greek text as duoiwg éoovrou
rexlyévor (they will be similarly inclined).
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uses the term marra—meaning ‘to pass through’—to describe the point
at which the parallel circles rise and set with respect to the horizon. All
other differences are just slight re-wordings with no significant change
in meaning, except in version V where it has been specified that the
perpendicular circles are parallel to each other.

Autolycus undertakes to prove this diorismos, first constructing the
requisite figure and then supplying the necessary argument. The proof
proceeds with a reductio ad absurdum: if we are to reject the assertion
that the parallel circles rise and set on the same pair of points, then we
must suppose that the rising and setting occurs at another pair of points.
The proof supposes such an alternative point for the rising of the first
circle and shows it to be absurd, so the rising point must be as claimed
in the diorismos. In versions I, 111, 1V, and V, the term ghayr is used in
referring to ‘a point other than the specified point’ while other
expressions like nugtatin ukhra, nugtatin ukhra siwa, and nugtatin
ukhra khala are used in version Il. Autolycus and the Arabic adapters
leave to the reader the task of applying the same procedure to prove the
claim with respect to the rising of the second parallel circle. In the
course of the construction and proof nothing is said of the setting point,
but it is made clear at the end of the proof that the same procedure can
once again be applied to prove that the setting point remains the same.

The task in the construction is to suppose the alternative rising point
while the setting point remains the same—uversions I, IV, and V omit
an explicit statement of the latter, but all take it to be implicit. The first
step is to suppose a certain great circle to be the horizon, inclined to the
axis of the sphere. The next step is to posit a certain pole for the parallel
circles which is also the pole of the sphere. Then, the reader is instructed
to draw a great circle on the sphere that passes through the poles of the
parallel circles and the poles of the horizon circle on the sphere. In the
Greek text and in versions II, 11I, and V, the authors take for granted
that it is possible to draw such a circle. However, in versions | and 1V,
the authors introduce a method for drawing that circle. Although neither
author tells the reader why they have included this addition or from
where it was drawn, it relates to two propositions of Theodosius’

Sphaerica, 1.21-22 (1.20-21g)." Proposition 7 does not require that this

1. As has been pointed out by Nathan Sidoli, the arrangement of the proposition in the edited
version of the Arabic Sphaerica is slightly different from that in the extant Greek version which
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auxiliary construction itself be proved as it sufficies to know that it is
possible to draw such a circle and that the reader is probably aware of
a method for doing so given in another text.

Sphaerica 1.21 explains how to draw a great circle on a sphere that
passes through any two given points on the sphere. Sphaerica 1.22 gives
a procedure for determining the poles of a known circle on the sphere.
In our case, we need to suppose a given great circle on a sphere and a
point on the sphere and then a procedure for drawing a great circle on
the sphere that passes through the poles of the given great circle and the
given point: we take the given point as the pole of a small circle which
is drawn to be tangent to the given great circle (the existence of such a
small circle was proved in proposition 6). Then, if we draw a great circle
passing through the known point and the point of tangency,’ this great

circle necessarily passes through the poles of the given great circle.
Using this construction, we can draw a great circle on the sphere that
passes through a known point—the pole of the parallel circles on the
sphere—and passes through the poles of a known great circle—the
horizon circle. Since this great circle passes through the poles of the
horizon circle, it will necessarily be perpendicular to the horizon circle.

In versions | and 1V, this procedure is executed while assuming
specifically two parallel equal circles both of which lie tangent to the
horizon—the same parallel circles given previously in proposition 6.
Since the poles of these two parallel circles is the same, the new great
circle will also pass through the points of tangency between both
parallel circle and the horizon. This feature is unique to versions | and
IV, is not found in any other recension—Aurabic or Greek—and results
in a characteristically different diagram.

resulted in different proposition numbering in books | and II. Through out this paper, the
proposition numbering in the Greek version has been given in addition to the Arabic numbering
in cases where the two differ. See: Nathan Sidoli, “Book review on Theodosius Sphaerica:
Avrabic and Medieval Latin Translations by Paul Kunitzsch and Richard Lorch,” The Journal
of the American Oriental Society 133, no. 3, (July-September, 2013): 592-593.

1. In order to do this, we need first to determine the point of tangency itself. So the task would
be: for a given great circle on a sphere and a given point on the sphere, which is supposed to be
the pole of a small circle, find the point of tangency of that small circle and the given great
circle. We could not find a proposition efecting this procedure in Theodosius’ Sphaerica, but
proposition I1.12 (II.14g) in Theodosius’ Sphaerica is the reverse of this procedure: if a small
circle in sphere and some point on its circumference are given, draw through the point a great
circle tangent to the small circle. See: Martin, 41-42.
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The mathematization of astronomical problems in works like On the
Moving Sphere is a point of great interest among historians of
astronomy. Indeed, it is rare to find other mathematical texts invoking
propositions from On the Moving Sphere in a geometrical context.
However, although the sixth proposition has both astronomical and
geometrical applications, its use here, in the course of proposition 7 in
versions | and IV, reflects primarily geometric purposes.

The author of version V makes his own unique addition to the
construction, saying that the newly drawn great circle will be
perpendicular to the horizon and to the parallel circles (“fa-hiya
qa’imatun ‘ald al-ufugqi wa-‘ala tilka al-mutawaziyyar”). This
observation is, at this point, omitted in versions Il and Ill, as in the
Greek text, although it will be brought up later in the proposition.
Meanwhile, versions | and IV mention that the constructed great circle
will be perpendicular to the horizon circle but leave implicit its similar
relation to the parallel circles. This observation is related to proposition
1.16 (1.15g) of Theodosius’ Sphaerica: “If a great circle on a sphere cuts
some circle on the sphere and passes through its two poles, it bisects it

and at right angles.”’

In versions I, 11l, and V, as in the Greek text, the final step in the
construction is to draw four lines: (1) the diameter of the horizon circle,
(2) a line from the pole of the sphere to the supposed rising point on the
horizon, (3) another line from the pole of the sphere to the original
rising point,” and (4) a line from the pole of the sphere to the point of

intersection between the horizon and the previously drawn great circle.
The second and third lines are asserted as equal in version V. All of
these lines are drawn in versions | and IV, except the fourth line.
Instead, the diameter of one of the small parallel circles is drawn from
the point of tangency with the horizon.

Having completed the construction, the proposition proceeds with an
apodeixis in which the goal is to show that the line extending from the
pole of the sphere to the supposed rising point is shorter than the line
extending from the pole to the rising point set out in the diorismos. This

1. Martin, 19; Kunitzsch and Lorch, 60.

B Ulgs ey pinaty Logabl g Ledady Sl 3,SU1 3 I S0l e a3 503,87 3 ke 3 31 kel 3]
2. Although this is not mentioned explicitly in version |1 at this point, the author later makes
reference to this line.
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starts with the observation that the great circle drawn earlier in the
construction is perpendicular to and bisects the horizon circle,
intersecting at the diameter." In the Greek text, the verb épioctnui—

meaning set upon, stand upon—is used to characterize the relative
position of the drawn great circle to the horizon. In version 11, this verb
was rendered as samala while in version Il it became gama. In Thabit
ibn Qurra’s restoration of Euclid’s Data, we find a similar usage of
gama corresponding to the Greek épiotmu.” The wording of the

apodeixis in these two versions is otherwise very similar to each other
and both are similar in content to the Greek text.

The arc along the drawn great circle, extending from the intersection
point at one end of the diameter to the other, is divided unevenly at the
pole of the sphere. Since one of these divisions is less than half of the
whole arc, the chord of this division is the shortest of all lines extending
from the pole to the circumference of the sphere. This argument
depends on yet another proposition, perhaps also from an earlier lost
text on spherics, corresponding to Sphaerica I11.1:

If on a circle some straight line is drawn cutting the circle into two
unequal parts, and there is constructed on it a segment of a circle not
greater than half of it, and it is set up on it at right angles, and the arc of
the segment is constructed on the line is cut into two unequal parts, the
line which subtends the smallest arc is the shortest of all the straight
lines which are drawn from that point at which the arc is cut to the
greatest arc of the first circle. Similarly, if the drawn line is a diameter
of the circle, and the remaining characteristics, which hold for the
segment that was not greater than half of the circle constructed on the
line, are the same, the drawn line previously mentioned is the shortest
of all the straight lines drawn from that same point reaching the
circumference of the first circle and the greatest of them is the line

which the greatest arc subtends.”

1. This follows from Sphaerica 1.16 (1.15g).

2. See for example: Nathan Sidoli and Yoichi Isahaya, Thabit Ibn Qurra’s Restoration of
Euclid’s Data: Text, Translation, Commentary (Cham, Switzerland: Springer, 2018), 127.

3. Martin, 78; Kunitzsch and Lorch, 208:
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Since the supposed rising point along the horizon circle is closer to
the shortest line from the pole to the circumference of the sphere than
the rising point given in the diorismos, the line extending from the pole
of the sphere to the former is shorter than the line extending from the
pole to the latter. In the Greek text, the extension of the line from the
pole to the circumference is described by the phrase zpoomizrrovadv
evBe1dv which is given as ‘yaqa ‘u min ... ‘ald ...’ in version II and as
‘takhruju min ... wa-talga bi-...” in version Ill. The Greek term
loyiotn—meaning least—is here and in the following sections
rendered as asghar and agsar in versions Il and 111 respectively. Both
Arabic terms are used in version V. It should also be noted that the
apodeixis found in version V is more concise than that of versions II,
I11, and the Greek text.

We are now in a position to complete the reductio ad absurdum.
Both the supposed rising point and that given in the diorismos lie on the
parallel circle. All lines drawn from the pole of a circle to any point on
the circumference should be equal. But we have just seen that the line
extending from the pole to the supposed rising point is shorter than that
extending to the rising point given in the diorismos, so we have a
contradiction. Consequently, the parallel circle does not rise on any
point other than the one given in the diorismos. The same method of
proof can be applied to the setting point and to the rising and setting of
any other parallel circles. At the end of the reductio ad absurdum proof,
the Greek expression drep éotiv dromov is rendered in Arabic as ‘hadha
khulfun la yumkin® in versions I and Il and as ‘wa-dhalika muhal’ in
versions III and V. It is worth noting that Kindi used ‘hadha khulfun la
yumkin’ in a number of his works.'

As mentioned above, we find in versions Il and Il a treatment of the
case in which the horizon passes through the poles of the sphere, which
we do not find in the other Arabic versions or the Greek text. This
entails a brief modification of the earlier construction and a

I LY Sl 3Ty 3 1 e sl sl o o) Ll STy S5V ST e oladl il ]
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1. See: ‘Abd al-Qadir Muhammad ‘All, ed., al-Rasa il al-falsafiyya li-I-Kindr (Beirut, Dar al-
kutub al-‘ilmiyya, 2018): 21, 28-30, 66.
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corresponding apodeixis which proceeds in much the same way as the
previous reductio ad absurdum.

The proposition now takes up the second part of the enunciation:
arguing that the circles perpendicular to the axis are similarly inclined
to the horizon. This section opens with a corresponding ekthesis-
diorismos wherein the previous construction is used again except that a
number of new lines are drawn connecting the intersections of the
parallel circles with the drawn great circle and with the plane of the
horizon. Now the task is to relate this configuration to a definition of
the inclination of a plane with respect to another, similar to the seventh
definition found at the beginning of the first book of the Arabic
Sphaerica:

It is said that a plane is inclined to another plane if we mark on the
common section of the two planes some point, and there is drawn from
it to each one of the two planes a straight line at right angles to the
common section, and so the two drawn lines contain an acute angle, and

the inclination is the angle which those two straight lines contain.’

The eighth definition in the Arabic Sphaerica gives the conditions
under which the inclination of two planes with respect to each other is
similar to the inclination of two other planes with respect to each other.”
Interestingly, this definition was mentioned explicitly in version IlI:
“And it is said that the surface is inclined relative to a surface with an
inclination similar to the inclination of another surface [to the latter
surface] if the lines that extend to their intersections at right angles
encompass each of the two surfaces by equal angles.””

1. Martin, 1; Kunitzsch and Lorch, 14.
el n oy IS 3 L 515 L ol el & il ol o oo 13 5T o o file ol 5T IRy
‘k?u'L;*JlLJIJ'JUAJ:.JI}33\:—3\5}‘){0\;-)5“]1@&4;'&‘19\:-&&55 gl,j&dﬁjlwldbvjﬁwb
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This definition does not exist in the Greek version of Sphaerica.
2. Martin, 1-2; Kunitzsch and Lorch, 14.
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3. See section 10 of our edition in Appendix 3.1:
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In the apodeixis, Autolycus tells us that the intersection line of each
parallel circle with the horizon is perpendicular both to the diameter of
the horizon and to the parallel circle’s intersection with the drawn great
circle. Then, the angle between the intersections of the parallel circles
with the drawn great circle and the diameter of the horizon is the
inclination of the parallel circles with respect to the horizon. Since the
parallel circles intersect the drawn great circle, their intersections are
parallel to each other and, thus, their inclinations to the horizon will be
the same. The Greek term used to refer to the intersection of planes,
kowvn toun, is rendered in version I as ‘al-tagati ‘at al-mushtaraka.’ In
all other Arabic versions, we find the term ‘al-fas/ al-mushtarak’ and
its plural variants.

In the second part of the proposition, the wordings of versions Il and
I11 are, once again, close to each other and similar to the Greek. Where
there the Greek text has drtetan (amrouévog)—meaning ‘touch’—
version Il has tamass and version III has ‘takhruju min.” The Greek
phrase dia 7o adra o—meaning ‘according to the same [reasons]’—is
rendered as wa-kadhalika in version Il and as ‘li-hadha al-ashya’ bi-
a ‘yanih@ in version III. Finally, the Greek ériredov—meaning
‘plane’—is given as ‘basitu sathi’ in version II and simply as sath in
version I11.

Starting from the first apodeixis until the end of the proposition,
versions | and IV are different than the other Arabic versions and yet
similar to each other in ways which we will now highlight. To begin
with, one feature unique to version I, in comparison to the other Arabic
versions, is that the Greek term ézei, meaning ‘since,’ is rendered as the
Arabic ‘min ajl’ whereas in versions II and Il it is given as different
forms of the Arabic li-ann. We find ‘min ajl’ in the Arabic translations
of other Greek texts prepared by Qusa ibn Liiqa (d. c. 912) as well.

In versions | and IV, the apodeixis begins by showing that the small
circle tangent to the horizon is parallel to the parallel circles supposed
in the ekthesis, whose rising and setting points are the subject of this
proposition. So, their respective intersections with the drawn great
circle are also parallel and the angles between these parallel lines and
the diameter of the horizon are equal. In these two versions, this point

1. See: Paul Kunitzsch and Richard Lorch, “Theodosius, De diebus et noctibus,” Suhayl 10
(2011): 16.
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IS made in the course of proving that the rising and setting points are
consistently the same, whereas in versions 11, I1l, and V, this point is
not made until the second half of the proposition, on the inclination of
the parallel circles.

In the course of the apodeixis in versions | and IV, we have a
restatement of the diorismos, mentioning explicitly the two points of
rising and setting. Then, the apodeixis resumes to supply the necessary
argument by a reductio ad absurdum. It is possible to consider section
6 in the proposition outline below as part of the construction, not the
apodeixis. This would make the proposition structure closer to what we
expect from a Euclidean style of proof. However, the content of the
section in question goes beyond what we normally expect of a
construction since it relies on external lemmata and propositions to
make statements about the construction, a feature usually reserved for
the apodeixis. In any case, the boundaries between these various
sections vary from one proposition to another and one author to another.
In these two versions the diorismos follows, rather than precedes, the
construction which is a common feature of Euclideian-style theorems.

As the apodeixis resumes, we suppose an alternative rising point and
show that the line drawn from the pole of the sphere to the new point is
shorter than that extending to the rising point given in the diorismos.
This leads to a contradiction, since these two lines were supposed to be
equal, and so the rising point must be as given in the diorismos. In
mathematical terms, this is the same argument we find in versions II,
I11, and V—the major difference being that version IV is more concise,
providing only the final result and its necessary conditions, omitting
intervening steps in the proof.

In version 1, the second portion of the proposition is introduced with
another diorismos, omitted in version IV, followed by an apodeixis. The
argument here differs noticeably from that given in versions 11, 111, and
V in that it depends on different auxiliary constructions, uncited in both
versions. The task here is to show that the two arcs along the horizon,
from its intersection with the drawn great circle to each of the rising and
setting points are equal—as are the arcs along the parallel circle—to its
intersection with the drawn great circle. This is related to Theodosius’
Sphaerica I1.9: “If there are two circles on a sphere which cut one
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another, and a great circle is described passing through their poles, it
bisects the segments which are cut off from the circles.”

In the course of comparing and collating the various Arabic versions
of al-Kura al-mutaharrika, it is possible to identify two coherent pairs
of versions: Il and Il1; I and V. We can say that one of the authors of
versions Il and 111 likely relied on the other version in preparing their
own, but we cannot say definitively which preceded the other. The
strong similarities between I and IV indicate that TtsT used a text close
to version |, if not this very text, in writing his recension. Although
version V, Maghribi’s recension, exhibits notable similarities to II and
I1, it is still sufficiently different from both that it is not possible to
reasonably determine its relation to either. In fact, Maghrib1 introduces
two propositions, between propositions 11 and 12 of Autolycus, which
are not present in other versions. In the editions of the Arabic texts that
follows, we have set in boldface the wording and phrasing that is
common among each of the two pairs—II and Il1; I and IV—in order to
highlight similarities and differences.

Several hypothesises can be put forth to explain the difference
between version | and other early versions, that is, the extant Greek text
and versions Il and I1l. It may be that version | was a translation of a
different Greek recension that has not reached us. It may also be that
version | was a reworking of an earlier Arabic translation which itself
was similar to versions Il and I11. Finally, it may be that version | was
intended as a recension of the Greek text, not a direct translation. Ibn
al-Nadim credits Kind1 with a correction of al-Kura al-mutaharrika and
Kindi himself alludes to a work of his, which has not reached us, that
may have well been that text. Can we draw a connection between Kind1
and this version 1? This would require further research but we may
consider Kindt as a possible author for version | or perhaps a similar
text.

On the other hand, we have the testimony in all manuscript witnesses
of version IV that it is based on a correction by Thabit. So, shall we then
attribute version I to Thabit given its similarity to I[V? This is possible,
but we have to consider contradictory evidence: MSS L and S (version

1. Martin, 34; Kunitzsch and Lorch, 106.
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I11) claim to be witnesses to a work of Thabit. Further still, the striking
similarities between versions Il and 111 bring to mind the cases of Greek
mathematical works translated by Ishaq and later corrected by Thabit.
Indeed, we have copies of al-Kura al-mutaharrika that bear Ishaq’s
name and others that bear Thabit’s. So we should at least be open to the
possibility that 11-111 represents a translation-correction of Ishaq-Thabit,
or some other pair of scholars. There is no evidence to directly
contradict the attribution to Thabit in the copies of version III; however,
the similarity of some of the terms in version II to those used by Thabit
in his other works may lead us to attribute version Il to him.

Versions |, 1l, and Il are early texts whose authorship remains
unknown. We have many such cases among Greek scientific texts
produced during the translation movement, including the Sphaerica of
Theodosius whose situation bears undeniable similarity to ours.
According to Kunitzsch and Lorch, there are at least seven versions of
Kitab al-ukar, among which only the authorship of the later recensions
(including versions by TiisT and Maghrib1) can be reliably determined.’

One promising avenue to shed light on the activities and attributions of
the early translators is to compare the style and distinctive features of
various versions not just within one textual tradition but across related
traditions. That is, to explore the possibility of identifying patterns of
translation and recension across both the Arabic revisions of On the
Moving Sphere and the contemporaneous revisions of the Sphaerica
and other mathematical texts.
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Appendix 1.1: Translations of the Arabic Texts
Versions 11, 111, and V

Protasis

Eav 0 0pilov &v Tf] opaipa KOKAOG TO T€ @avepOV ThG oPaipag
Kol TO dpavec Lo 1| oG TOV EEova, ol Td dEovt Tpoc dpOac
6vteg kOKAOL Kol TEPVOVTEG TOV Opilovia KaTd TG oOTA oNUEin
aiel Tod Opilovtoc 1dg T dvatoldg Kol Tag dVeES ToodvTaL -
€11 8¢ Kol opoiwg Eoovratl kekAévol Tpog Tov opilovra.

If there is, on a sphere, a great circle fixed on the sphere
separating what is visible of the sphere and what is invisible and
if there are on the sphere circles erected to the axis at right
I11 | angles, cutting the horizon, then the rising and setting of these
circles will always be on identical [pairs of] points on the
horizon and if the horizon is inclined to the axis, their inclination
to the horizon will be similar.

If a circle on a sphere divides what is visible of [the sphere] from
what is invisible and if there are circles on right angles to the
axis cutting the horizon, then their rising and setting will always
be on identical [pairs of] points among those points that are on
the horizon—the horizon being either inclined [with respect to
the axis] or [passing] through the two poles. If the horizon is
inclined to the axis, then the inclination of the parallel circles
perpendicular to the horizon is equal.

The seventh proposition: [for] every great circle fixed on the
surface of a sphere and inclined to the axis that separates
between the visible [part of the] sphere and the invisible, and
V | there are other parallel circles which are perpendicular to the
axis and cut the horizon, their rising and setting are on identical
[pairs of] points on the horizon and their inclination to the
horizon is similar.
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Ekthesis

"Eoto év opaipg kOkAog 0pilmv T 1€ pavepov TG opaipos Kol
10 dpoveg 0 ABATT Ao&oc v mpdg tov GEova, ol 08 T@ GEovt
pog 0pbag dvteg kukhol Eotmaav ot AB T'A.

Let the circle ABDG on a sphere separate what is visible of it
and what is invisible and let the two circles that are erected to
the axis at right angles be the two circles AB and GD.

We suppose on a sphere a circle dividing between its visible
[part] and its invisible [part] and it is the circle ABGD. And the
two circles that are perpendicular to the axis on right angles are
AB and GD.

The example of this is: let the great circle ABGD be fixed on the
surface of the sphere and inclined to the axis, separating between
the visible [part of the] sphere and the invisible. Let the two
circles AEB and GZD be parallel and perpendicular to the axis.

Diorismos

Aéyw 6t ot AB T'A kdKAot kotd T0 vt onueio oiel Tod
opilovtog tdg te dvatoAdg Kol TG OVGELS TotoDVTL, KOi 010 LEV
v A B onueiov 10 dvatoArdg moodvral, owd 6& tdv A T Tac
dVGELC.

| say that the rising of the parts of the two circles AB and GD
and their setting will always be on identical [pairs of] points on
the horizon: their rising will be as they pass through the two
points D and B, and their setting will be as they pass through the
two points A and G.

| say that the rising and setting of the two circles AB and GD
will always be on identical [pairs of] points among those points
on the horizon, the rising on points B and D and the setting on
points A and G.

| say that they always rise on the points B and G and set on the
points A and D. And their inclination to the horizon is equal.
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Kataskeué

Mn) yép, GAA gl duvatdv, moteicbm 6 AB kOKAoc d1” GAAOV TIVOG
onueiov Vv dvatoAnyv tod E, d1d 0& tod A v dvoty, kol E6T®
0 TOLOG TV TUPUAANA®V KOKA®V TO Z onueiov, Kol o1d Tod Z
Kol T®V 00 ABAIL k0KAov TOA®V PEYIGTOG KOKAOG YEYPAPOH® O
HZO, xoi énelevybooav ai HO HZ ZE ZB.

If this were not the case, then another is possible: let the rising
of some of the circle AB be as it passes through the point E and
its setting as it passes through the point A. Let one of the poles
of the parallel circles be the point Z and we draw a great circle
that passes through the point Z and the poles of the circle
ABDG, which is the circle HZT. We connect the straight lines
HT, HZ, ZE, and ZB.

Ifitis not like that, then let the rising of the circle AB be possibly
on a different point, E, and its setting on the point A. Let the
pole of the parallel circles be Z. We draw on the point Z and the
two poles of the circle ABDG a great circle, that is the circle
HZT. We connect the lines HZ, HT, and ZE.

Its proof is that: if the circle AB does not rise on B, then it rises
on M. Let the pole of the sphere be L. Draw a great circle passing
through the pole [of the sphere] and the pole of the circle ABGD,
that is the circle ILK. It is perpendicular to the horizon and to all
parallel circles. We also connect the lines LI, LM, and LB.

Apodeixis

'Enel év opaipg péytotog kokAog 6 HZO kbkiov Tiva TdV &v i
ocoaipg tOv ABAT" 610 1@V noOA®V Tépvel, diya te o0TOV TEpET
Kol Tpog OpBac. Aduetpog Gpa €otiv 1] HO 100 ABAT kdkhov
kai 0 HZO kdxhog 6pBog ot mpodg tov ABAT kdKAov. Kdkhov
oM tvog 100 ABAT éri Siapétpov thic HO tufjpa kokiov 60pOov
épéomnkev 10 HZO, xai 1 tod €pectdrog Tunpatog t1od HZO
TEPLPEPELDL €1 AVIGO TETUNTOL KATO TO Z onueiov, kol E0TV
ghdoocwv 11 ZH meprpépelan | nuicew - 1 ZH dpa gvbeia
Elaylot €oTiv mao@®v TV and Tod Z onueiov mpog tov ABAT
KOKAOV TpocTnToLc®V €V0e1dV. Kai 1 &yyrov dpa thig ZH g
AmmOTEPOV EAAGGMV ECTIV.
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Since the great circle HZT is on a sphere and cuts the circle
ABDG, which is one of the circles that is on the sphere, and
passes through its poles, it cuts it in two halves at right angles.
So, the line HT is the diameter of the circle ABDG and the circle
HZT is erected to the circle ABDG at right angles. The section
HZT has been set upon (takammal) the diameter HT of the circle
ABDG and is erected to it at right angles. The arc HZT is divided
in unequal divisions at the point Z and the arc ZH is smaller than
half of [HZT] so the line ZH is the shortest of all lines extending
from the point Z and meeting the circumference line of the circle
ABDG. Thus, the line that is closer to the line ZH is shorter than
the line that is further from it.

Since in the sphere there is a great circle—which is the circle
HZT—that cuts from the circles within it—which is the circle
ABDG—([passing] through its poles, then it cuts it in two halves
on right angles. So the line HT is the diameter of the circle
ABGD and the circle HZT is erected to the circle ABDG on right
angles. Since the section HZT has been erected to the diameter
of the circle ABDG—which is the line HT—at right angles and
[since] the arc of the erected section—which is the arc HZT—
has been divided in two unequal sections on the point Z and
[since] the arc ZH is less than the half, the line HZ is thus smaller
than all lines lying from the point Z to the circle ABDG. And
the line that is closer than ZH is smaller than the line that is
further from it.

The line LM equals the line LB since the circle AB rises at M
and because of their extension from the pole to the
circumference. And also since the circle ILK is perpendicular to
the circle ABGD and the arc IL is less than half the arc IK, so
the line IL is the shortest line that extends from the point L to
the circumference of the circle ABGD and what is closer to it is
smaller than what is further.
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Apodeixis (conclusion)

‘EAdocwv dpa €otiv 1) ZE tiig ZB - dALld kal iom, Omep €oTiv
dromov. Ovk dpa 6 AB kOKkhog ot GAAOL TvOg onpeiov 1 S
00 B Vv dvotolv momoetat, 61 8¢ Tod A v dvov. Opoing
on oei&opev Ot kol 6 I'A kbhKkhog dd pev 10D A TV AVOTOANV
momoetal, owd 6& Tod I v dvowv. "Qote ot AB I'A kdxhot aiel
Katd T0 avTd onueio Tod 0pilovtog TAg Te AVUTOANS Kol TOGC
O0CELG TOLODVTOL.

So, the line ZE is shorter than the line ZB but it was [supposed
to be] equal to it, which is impossible. So, the rising of any part
of the circle AB is not at its passing through any point other than
the point B. Nor is its setting at its passing through any point
other than the point A. We [can] show, likewise, that the rising
of all parts of the circle GD is at its passing through the point D
and its seting is at its passing through point G. So, the rising of
all parts of circles AB and GD and its setting a always at
identical points on the horizon circle.

So, the line ZH is smaller than the line ZB but it was [supposed
to be] equal to it which is an impossible contradiction. So, the
circle AB does not rise on a point other than the point B. And it
does not set on a point other than A. We [can] show, likewise,
that the circle GD rises on the point D and sets on the point G.
It necessarily follows from this that the two circles AB and GD
rise and set on identical points among the points on the horizon.

So, the line LM is shorter than the line LB but they were
[supposed to be] equal which is impossible. So, the circle AB
does not rise except on the point B. This is the argument for the
circle GD, that it does not rise on other than the point G. They
always rise on two identical points on the horizon and set on two
identical points.
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Apodeixis

Itis clear, then, that if we place the pole on the circle AGDB and
we make it the point H, then the rising of the circle AB will be
at its passing through the point B and its setting at its passing
through the point A. This is because if it rises when it passes
through the point E, then the line HE will also be equal to the
line HB since they are extended from the pole to the
circumference line of the circle, and this is impossible.

It is also clear that if we made the pole on the circle ABDG then
the circle AB in the [previous] illustration would rise on the
point B and set on the point A, since when it rises on the point
E, the line EH would then be smaller than the line BH but the
line EH is equal to HB since both of them [extend] from the
pole, which is an impossible contradiction.

Ekthesis, diorismos, kataskeuée

Aéyw oM Ot kol Opoiwg elol kexkhpévor mpog tov ABAT
opilovra.
"Enelevybwoav yap ai AB TA KM AN.

Let the circle ABDG be inclined to the axis. | say that the
inclination of the two circles AB and GD to the horizon ABDG
is similarly inclined. So, we connect the straight lines AB, GD,
KM, and LN.

Again, let the circle ABDG be inclined to the axis. | say that the
inclination of the two circles AB and DG on the horizon is equal.
The proof of this is we connect the lines AB, GD, KX, and LM.

| say also that their inclination to the horizon is equal. The proof
of this is that we extend the intersections of all circles, which are
the lines AB, GD, IK, EH, and ZT.
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Apodeixis

"Enel 6 HZO kdkhog tovg AB I'A ABAT k0KAovg 510 T@V TOA®V
Tépvel, kol tpog dpBag avtovg tepel. ‘O I'ZO dpa kokhog 0pOdg
€ott mpog Exkaoctov TV AB I'A ABAI' kdxkhwv. "Qote kai
éxatepog @V AB ABAIDT koxhov 6pBog oty mpog tov HZO.
Kai 1 xown) dpa toun 1 td@v AB TABA 1 AB 0p6n €ott mpdg
tov HZO kioKiov. Kol tpog macog dpa g antopévag atig &v
1@ HZKO émmédm opbr éotv 11 AB. Amtetan 0¢ 1fig AB
ékatépo tdv HO KM odoa év 16 tod HZO xdxiov mméde. 'H
AB @pa mpog ekatépav td@v HO KM 6pbn €otiv - dote 1| OO
16v KM® yovia 1 kAioig €otiv &v 1) kékhtor 6 AB kOkhog mpdg
t0v ABAIL k0xhov. A 1d adtd o1 Koi 1) Vo Tdv ANG yovia
gotiv 1) KMo1c 8v ) kékhtou 6 TA kdkhog mpog tov ABAT.

Since the circle HZT cuts the two circles AGDB and AKB and
passes through their poles and cuts them at right angles, then the
circle HZT is erect upon each of the two circles AGDB and AKB
at right angles. So, each one of the two circles AGDB and AKB
are also erected on the circle HZT at right angles. Then, their
intersection, which is the line AB, is erected on the circle HZT
at right angles. So, [AB] is erected at right angles to all lines that
extend from it and are on the surface HZT. And each of the two
lines HT and KM, which are on the surface of the circle HZT,
are extended from a point on the line AB. So, the line AB is
erected upon each one of the two lines HT and KM at right
angles. So, the angle KMT is the inclination by which the circle
AB is inclined to the circle ABDG. And according to these same
things, the angle LNT is the inclination by which the circle GD
is inclined to the circle ABDG.

Since the circle HZT cuts the circles AGDB, AB, and GD on
their poles, it bisects them at right angles. The circle HZT is
perpendicular to each of the circles AGDB, GD, and AB at right
angles. It is necessary then that each of the circles AGDB, AB,
and GD be perpendicular to the circle HZT on right angles. Their
intersections, which are the two lines AB and GD, are
perpendicular to the circle HZT on right angles. They are also
perpendicular to all lines on the surface HZT which touches
them [i.e., the intersection lines], at right angles. And the line
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AB touches each of HT and LM, which are on the surface of the
circle HZT. So, the line AB is perpendicular to each of the lines
HT and LM at right angles. So, the angle LMT becomes the
inclination of the circle AB to the circle ABDG. Likewise, the
angle XKT is the inclination of the circle GD to the circle
ABDG.

Since the circle AEB is parallel to the circle GZD and the
surfaces of the two circles EZK and ABGD intersect them, the
line EH is parallel to the line ZT and the angle EHT is like the
angle ZTK. And also, since the circle IEK is perpendicular to all
circles, they are also perpendicular to it. So, the two lines BH
and GT are perpendicular to the surface of the circle IEZ. Each
of the angles BHE, BHT, GTZ, and GTK are right angles. The
angle EHT is the inclination of the circle AEB to the horizon, I
mean the circle ABGD. And the angle ZTK is the inclination of
the circle GZD to the horizon.

Apodeixis

Kai énel 600 énineda mapdriinia o AB T'A 016 tivog Emmédov
100 HZO® tépverar, ai kool dpa avt®dv topoi oi KM AN
€00l TopdaAinrol giowv - dote Ton éotiv 1 Hd 1OV KMN
yovia T Vo T®v ANO yovig. Kai Eéotv 1) pév vmo tdv KMO
yovie 1 kAMoig fiv kékhtoaw 6 AB kdkhog mpog tov ABAT
KOKAOV, 1 0¢ V1o TV ANGO yovia 1 KAlow fjv kékhton 6 I'A
KOKAog Tpog tOv ABAI kvxdov. Ot AB I'A dpa kdxlot opoimg
elol kekApévol pog tov ABAT kdkhov.

Since the two parallel surfaces AB and GD are cut by a surface,
which is the surface HZT, and [since] their intersections, which
are the lines KM and LN, are parallel, so the angle KMT is equal
to the angle LNT. And it is said that the surface is inclined
relative to a surface with an inclination similar to the inclination
of another surface to another surface if the lines that extend to
their intersections at right angles encompass each of the two
surfaces by equal angles. The angle KMN is equal to the angle
LNT. The angle KMT is the inclination by which the circle AB
is inclined to the circle ABDG. The angle LBZT is the
inclination by which the circle GD is inclined to the circle
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ABDG. So, the inclination of the two circles AB and GD to the
circle ABDG is equal and this is what we desired to show.

Since the surfaces of two parallel planes—they are AB and
GD—are cut by the surface of a plane—that is the circle HZT—
their intersections—which are KX and LM—are parallel, so the
angle LMT becomes equal to the angle XKT. And the angle
LMT is the inclination of the circle AB to the circle ADG and
the angle XKT is the inclination of the circle GD to the circle
ABDG. So, the two circles AB and GD are thus similarly
inclined to the circle ABDG and this is what we desired to show.

Since angles are like angles, inclinations are like inclination, and
such is the statement regarding all parallel circles and that is
what was desired.
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Appendix 1.2: Translations of the Arabic Texts
Versions | and 1V

Protasis

If there is, on a sphere, a fixed great circle which separates
between the visible and invisible [parts] of the sphere and which
is inclined to the axis, and if other circles perpendicular to the
axis intersect the horizon, the rising and setting of these circles
are on the same [pair of] points on the horizon. Moreover, the
inclination of these circles to the horizon is similar,

If the horizon circle is inclined to the axis and is intersected by
circles to which the axis is perpendicular, the rising and setting
on the horizon of the points on these circles are on the same
[pairs of] points. Moreover, the inclination of these circles to the
horizon is similar.

Ekthesis

The example of this is that we imagine a great circle on a sphere,
fixed upon it, separating between the visible [part] of the sphere
and its invisible [part], that is circle ABGD, taken to be inclined
to the axis. Let the two circles BED and ZHT be perpendicular
to the axis, intersecting the horizon.

v

Let the horizon be ABGD, which is inclined to the axis, and [let]
the two circles BED and ZHT, to which the axis is
perpendicular, intersect the horizon.

Diorismos

| say, the setting and rising of the two circles BE and ZH on the
horizon are on a single identical point [pair] and their inclination
to the horizon is similar.
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Kataskeué

The proof for this is: since the circle ABGD is inclined to the
axis, it is tangent to two equal parallel circles whose poles are
the pole of the sphere. Let these two circles be AKL and GM.
Let the apparent pole of the sphere be the point S which is also
the pole of the circle AKL. We draw through the two points A
and S a great circle which necessarily passes through the poles
of ABGD, to which it is perpendicular. Since the great circle
passes through the poles of the circle GM it thus passes through
the point G. Let the great circle be the circle ASKEHG.

Let the horizon be tangent to the two circles AKL and GM. Let
the apparent pole be S. Draw a great circle through A and S, it
passes through the pole of the circle ABGD and is erected to it
perpendicularly. Since [the great circle] passes through the pole
of the circle GM, it [also] passes through the point G. Let the
great circle be the circle ASKEHGM.

Kataskeue

We extend the intersections of the surfaces, which are, the line
BFD, AFNG, ZNT, EF, NH, AK.

v

Let the intersections of the surfaces be BFD, ZNT, AG, KA, FE,
NH.

Apodeixis

Since the poles of the circle AKL are the poles of the sphere, it
is perpendicular to the axis. And the two circles BED and ZHT
are perpendicular to the axis, so the circles AK, ZHT, and BED
are parallel and are cut by a single surface, that is, the surface of
the circle ASKEHG. Thus, their intersections are parallel. So,
the lines AK, FE, and NH are parallel. So, the angle FAK is
equal to the angle NFE; and the angle FAK is acute so the angle
NFE is [also] acute.

Because the circles AK, BD, and ZT, are parallel, the
intersections AK, FE, NH are [also] parallel. Thus, the angle
FAK is equal to the angle NFE; and the angle FAK is acute so
the angle NFE is [also] acute.
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Diorismos

| say that, if the sphere rotates, the circle BED cannot meet the
circle ABGD except at the two points B and D.

v

We say that the circle BED in its rotation does not meet the
circle ABGD except at the two points B and D.

Apodeixis

If it were possible, then [the circle BED] would meet [the circle
ABGD] at another point like the point Q. We extend from the
pole S the lines SQ and SD so the lines SD and SQ are equal.
Since the point S is the pole, the arc SA is equal to the arc SK.
So, the arc GHEKS is greater than the arc SA and, since an arc
of a circle, that is GA, is erected to the circle ABGD on its
diameter and [since] the arc SA, which is less than half of it, is
cut from it, thus the line which is its chord is the shortest line
that is extended from this point [S] and meets the circle ABGD.
And what is closer to it is shorter than what is further from it.

Otherwise, [the circle BED] would meet [the circle ABGD] at
Q. We connect SQ and SD, which are equal. Since the arc AEG,
on the diameter AG, is perpendicular to the circle ABGD, and
AS is smaller than half of it, the chord AS is the shortest line
extending from S to the circumference of the circle ABGD.

Apodeixis

Thus, the line SQ is shorter than the line SD, although it was
[supposed to be] equal to it, which is an impossible
contradiction. Thus, the circle BED does not meet the circle
ABGD at any point other than the points B and D. Thus, its
rising and setting on the horizon is always on these two points.
Likewise for the circle ZHT.

SQ is shorter than SD but they were [supposed to be] equal
which is a contradiction. Thus, the rising and setting of the
points on the circle BED cannot be on other than the points B
and D.
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Diorismos

| say that the circles BED and ZH are similarly inclined to the

! circle ABGD.

Apodeixis

The proof of this is that, since the two circles ABGD and BED
are intersecting and a great circle was drawn on their poles, that
is the circle ASKE, then it cut their arcs at their midpoint. So,
the arc DA is equal to the arc AB. And the arc BE is equal to the
arc DE. Since the arc AB is equal to the arc AD and the diameter
AFNG is extended, the line BF is equal to the line FD and the
angle DFE is a right angle. And also, since the line BF is equal
to the line FD and the arc BE is equal to the arc ED and that the
I | line FE is extended, the angle DFE is a right angle. Since the
surfaces ABGD and BED intersect, and on the surface ABGD
the line FNG and on the surface BED the line FE, are erected on
the intersection of these two surfaces and these lines encompass
an acute angle, which is the angle NFE, then the angle NFE is
the inclination of the surface BED on the surface ABGD. And
the angle NFE is equal to the angle GNH. Thus, the inclination
of the surface BE and [that of] HZ is a similar inclination, and
this is what we desired to show.

And also, since the circle AEG passes through the poles of the
two circles ABGD and BED, which intersect each other, it
bisects their [arc] sections. So, AB and AD are equal. And
likewise, BE and ED. The diameter AG bisects BD at F and is
perpendicular to it. Since the arcs BE and ED are equal, as are
BF and FD, EF is also perpendicular to BD. Since FE and FG
IV | are perpendicular to the intersection BD and they are on the
surfaces of the two circles ABGD and BED, the angle EFG is
the inclination of the surface of the circle BED on the surface of
the circle ABGD. Likewise, the angle GNH is the inclination of
the surface of the circle ZHT on the surface of the circle ABGD.
Because of the equivalence of the angles EFG and HNG, the
inclinations are similar, and this is what we desired.
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Appendix 2: Description of the Manuscripts

Version |
- A (): Turkey, Istanbul, Topkap1 Saray Miizesi Kiitiiphanesi,

Ahmet I, 3464. This codex contains the Arabic translation of
most of the middle books. It has been used for the edition of
several of these works." The texts have been copied by different

scribes. Autolycus’ complete text with diagrams, which is a
copy of our version 1, is found on ff. 54b-58b. It does not have
a copy date, but some of the other treatises copied by the same
scribe bear the date 625/1228.

- B (<): Iran, Tehran, Danishgah-i Tihran, Kitabkhana-yi
Markazi, 1063. This codex was copied fairly late. In addition to
a copy of version I, it contains some of TusT’s recensions,
including his recension of Autolycus’ On the Moving Sphere.
The folios are numbered on the upper left edge, which are
indicated in the following list of items in the codex.

Tahrir kitab al-mafridat li-Thabit ibn Qurra, Nasir al-Din TusT,
ff. 1b—7a;

F1 tarbi * al-da’ira, 1bn al-Haytham (d. c. 1040), ff. 7a-9b;
Tahrir al-kura al-mutaharrika li-Utiliiqus, Tusi, ff. 10a—13b;
Tahrir kitab Utiliqus fi al-tulii ‘ wa-al-ghuriib, Tiis1, 14a—20b;
Same text, one folio is removed (item 7), ff. 21a—26a;

[blank added paper];

Same text, one folio in which the text follows the above item 4,
ff. 20a—b(m);

al-Kura al-mutaharrika li-Utiliqus, ff. 27a-28a;

1. For the description of the MS and its contents see: Roshdi Rashed and Athanase
Papadopoulos, Menelaus’ Spherics: Early Translation and al-Mahani/al-Harawi's Version
(Berlin; Boston: De Gruyter, 2017), 493-496; Richard Lorch, Thabit ibn Qurra on the Sector-
Figure and Related Texts, ed. Fuat Sezgin, Islamic Mathematics and Astronomy 108 (Frankfurt
am Main: Institute for the History of Arabic-Islamic Science at the Johann Wolfgang Goethe
University, 2001), 21-23; Elaheh Kheirandish, The Arabic Version of Euclid’s Optics: Edited
and Translated with Historical Introduction and Commentary (New York, NY: Springer,
1999), xxvi; Nathan Sidoli and Yoichi Isahaya, Thabit Ibn Qurra’s Restoration of Euclid’s
Data: Text, Translation, Commentary (Cham, Switzerland: Springer, 2018), 27-28; Nathan
Sidoli and Takanori Kusuba, “Al-Haraw1’s Version of Menelaus’ Spherics,” Suhayl 13 (2014):
160-161; Paul Kunitzsch and Richard Lorch, Theodosius Sphaerica: Arabic and Medieval Latin
Translations (Stuttgart: Steiner, 2010), 3; Paul Kunitzsch and Richard Lorch, “Theodosius, De
diebus et noctibus,” Suhayl 10 (2011): 13.
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Tahrir kitab Ibsiqla us fi al-matali ‘, Tusi, ff. 28a—30a;
Tahrir kitab al-ma khudhat li-Arashmidis, TusI, ff. 30a-37b.
The copy of version I, item 8, is incomplete and starts at the middle
of the 10" proposition and continues up to the end of the text. Hence
this witness has not been used for the current edition of the 7
proposition.
- K (8): Private Collection (formerly in possession of Paul
Kraus)." This well-known codex, copied in 7%/13" century,

contains most of the middle books and some other related
works. Autolycus’ text exists on ff. 65b—70b with diagrams.
- X(&): United Kingdom, Oxford, Bodleian Library, Huntington,

237.7 The codex contains the following texts:

Sharh musadarat kitab Uqlidis fi usil handasa, lbn al-Haytham,

ff. 1b—72a;

Kitab al-kurat wa-al-ustuwanat li-Arasmidus, ff. 73a-76a;

al-Kurat al-mutaharrika li-Utiliqus, ff. 76a-82a;

Islah Kitab al-Makhritat, Abu Ja‘far al-Khazan, ff. 82a-104b;

Bayan ma ‘ani kayfiyyat al-rasd al-muhaqqagq, ff. 104b-123a."

The whole codex is copied by one person. The copy date, 8 Rajab

987/30-31 August 1579, is mentioned at the end of the last witness, on
f. 123a. The Autolycus text, on ff. 76a—82a, begins by stating that this
is the forth work of the middle books. The space for the diagrams in
Autolycus’ text is left blank.

Version 11
- F (&): Turkey, Istanbul, Kopriilii Kiitiiphanesi, Fazil Ahmed
Pasa, 932. The items in the codex have been written by one hand
probably in the late 7"/13" or early 8"/14'" century. Some of the
folios of the codex are omitted. Three texts are found in the
codex:

1. Regarding this MS, see the references in the note above for MS A. See also Elaheh
Kheirandish, “A Report on Iran’s ‘Jewel’ Codices of Tusi’s Kutub al-Mutawasitat,” in Nasir
al-Din Tisi: philosophe et savant du Xllle siécle. Actes du colloque tenu a ['université de
Téhéran (6-9 mars 1997), ed. N. Pourjavady and Ziva Vesel (Téhéran: Institut frangais de
recherche en Iran, IFRI; Presses universitaires d’Iran, 2000), 131-45.

2. Heinrich Suter, Die Mathematiker und Astronomen der Araber und ihre Werke (Leipzig:
B.G. Teubner, 1900), 40.

3. Another copy of this text exists in Qom, Mar‘ashi, MS 13757.
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Tahrir al-majisti, Tusi, ff. 1b—65b;

al-Kurat al-mutaharrika li-Utiliqus, ff. 66a—66b;

F1 shakl al-zuhra fi al-fasl al-thani min al-magqalat al-‘ashira
min al-mayjisti, Tasi, ff. 67a.

It is not clear how many folios of the codex are removed; however,
it seems that Autolycus’ text was on three folios, only one of which
remains in the codex. The present text starts at the middle of proposition
6 and ends at the middle of proposition 10. This is the only known copy
of Autolycus’ Arabic version II. The last item in the codex is one of
TasT’s short treatises which we find usually at the end of the copies of
Tahrir al-majisti. This copy of Autolycus’ text contains some cross-
references to the relevant propositions in Theodosius’ Sphaerica.

Version 11
- S (u): Turkey, Istanbul, Suleymaniye Kiittiphanesi, Ayasofya,
2671. This codex contains six works, all mathematical or
astronomical in subject matter, copied by the same hand. The
date Safar 621/March 1224 is found at the end of the first
witness, on ff. 75a.
‘Amal al-safiha al-Zargaliyya, Abt Ishaq Ibrahim ibn Yahya al-
Naqqash al-Zarqalt (d. 1100), ff. 1b—76a,;
Kitab Batlamyiis fi tastih basit al-kura, ff. 76b-97a;’
‘Amal bi-al-usturlab, Abi al-Hasan Kishyar ibn Labban
BashahrT al-Jili (fl. second half of 10" century), ff. 98b—122a;
al-Kura al-mutaharrika, ff. 122b—-1323;
Risdla fi ‘amal al-usturlab, ff. 133b—150a;"
Risala fi ‘amal al-rub ", ff. 150b-151b.
Item 4 in this codex represents our version III of Autolycus’ work.
Although the copyist left empty places for diagrams, none of them are
drawn in the witness. There are a number of issues in the Arabic text in

1. One of the works in this codex was published in a facsimile edition in Christopher
Anagnostakis, “The Arabic Version of Ptolemy’s Planisphaerium” (Ph.D., Yale University,
1984) and later as a critical edition in Nathan Sidoli and J. L. Berggren, “The Arabic Version
of Ptolemy’s Planisphere or Flattening the Surface of the Sphere: Text, Translation,
Commentary,” SCIAMVS: Sources and Commentaries in Exact Sciences 8 (2007): 37-139.

2. David King argues that this treatise belongs to al-Zargqali, see David A. King, “On the Early
History of the Universal Astrolabe and the Origin of the Term ‘Shakkaziya’ in Medieval
Scientific Arabic,” Journal for the History of Arabic Science 3, no. 2 (1979): 244-57.
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general and especially in the lettering of the geometric objects
(undrawn) which exhibits a lot of mistakes, likely due to scribal error.
- L (J): United Kingdom, London, Institute of Ismaili Studies,

Hamdani Collection, 1647. The folios of the codex are
misordered and two folios of the Autolycus text, which is the
second witness in the codex, are now found among the folios of
the first witness. The codex contains three texts:

Kitab al-ukar li-Thawdhasiyas, ff. 1b, 3a-12b, 14a-38b (the
same version edited by Martin and Kunitzsch&Lorch);

al-Kura al-mutaharrika, ff. 39b—40b, 2a-b, 13a-b, 41a-42b;
Kitab Ugqlidis fi ikhtilaf” al-manazir, ff. 43b-52b (edited by
Kheirandish).’

The diagrams of Autolycus’ text are drawn in this copy. There are
problems in the text in the lettering of the geometric objects, some of
which are similar to the problems in MS S. Overall, this copy is more
reliable.

Version IV
- G (g): Tran, Tehran, Sipahsalar (Mutaharri), 4727." This codex
is a collection of 26 works, most of them by Tusi, including his
recensions of the middle books. The recension of Autolycus’
text, which is on ff. ff. 67b-69b, has been copied in 17 Sha‘ban
671/9-10 March 1273 by Muhammad ibn Ahmad al-Zarkashi.
- H (z): Turkey, Istanbul, Haci Selim Aga Kiitiiphanesi, Haci

Selim Aga, 743." It seems this codex was originally two

separate codices that were later bound together. The first part,
135 folios, contains a collection of Tus1’s recensions of middle
books and some other related works. This was copied in Rab1" [
1138/Novamber 1725. The second part, ff. 136-279, is a much
older collection of Tiist’s recensions of the middle books.
Autolycus’ text, on ff. 241b—243a was copied in 672/1273.
According to an ownership note on f. 136a, this second part

1. Elaheh Kheirandish, The Arabic Version of Euclid’s Optics.

2. Regarding this MS, see Kheirandish, “A Report on Iran’s ‘Jewel’ Codices of Tusi’s Kutub
al-Mutawasitat”.

3. For this MS, see: Aydin Sayili, “Khwaja Nasir-i Ttsi wa rasadkhana-yi Maragha,” (in
Persian) Ankara Universitesi Dil ve Tarih-Cografya Fakiiltesi Dergisi 14, no. 1-2 (1956): 11.
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(apparently in 680/1281) was in possission of Barhebraus (d.
685/1286).

- M(p): Iran, Tabriz, Kitabkhana-yi Milli-yi Tabriz, 3484, pp. 58—
63 (7" century).

Version V
- Q (&): Iran, Mashhad, Kitabkhana-yi Markazi Astan-i Quds,

5232." This codex contains two of Maghribi’s recensions of the

middle books:
Tahrir al-ukar li-Tawdhisiyas, pp. 1-77,;
al-Kura al-mutaharrika, pp. 77-91.

The last folio of the codex, which contained the last page of
Autolycus’ text, is missing. The text ends at the middle of the
proposition 14. This codex also bears an ownership note, on f. 1a, by
Barhebraus, exactly like the one in MS H.

- D (3): Ireland, Dublin, Chester Beatty Library, Arabic, 3035."

This codex contains the following four items:

Kitab al-usul li-Uqglidis, Thabit ibn Qurra, 1a-1264a;
Tahrir al-ukar li-Tawdisiyiis, Maghribi, 126b-144a;
al-Kura al-mutaharrika, Maghribi, 144a-147b;
Risala fi al-usturlab al-khattt, ff. 147b-149b.

The copyist’s name and the copy date are mentioned at the end of
the first text as Yusuf ibn Ibrahim ibn Abi al-Karam and Rabi® I
669/Novamber 1270. Maghribi’s name appears at the beginning of
Tahrir al-ukar as the author but not at the beginning of the Autolycus
text.

- R (): Iran, Tehran, Kitabkhana-yi Majlis-i Shura-yi Islami,
Shura, 200. This was copied directly from MS D. We haven’t
collated this copy with our edition below. The Autolycus text is
on ff. 254b—260a.

1. This copy is introduced in Astan-i Quds’ catalogue, volume 8, mistakenly under the
shelfmark 5222. Autolycus’ witness has a second reference number as 19293.

2 See: Gregg De Young, “Mathematical diagrams from manuscript to print: examples from the
Arabic Euclidean transmission,” Synthese 186, no. 1 (2012): 32.
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Appendix 3.1: Editions of the Arabic Texts
Versions 11, 111, and V
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Appendix 3.2: Editions of the Arabic Texts

Versions | and 1V
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